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1. INTRODUCTION 
The main objective of the research being conducted under NASA Lewis 
Research Center grant no. NSG 3307 is the development of a new numerical 
technique for solving the compressible Navier-Stokes equations. This 
new technique utilizes an integral representation of the kinematics of 
the flowfield. In the case of a steady flow, an integral representation 
of the kinetics of the flowfield can also be utilized. 
In the case of an incompressible flow, both the kinetics and the 
kinematics of the flowfield have been expressed as integral representations 
(Reference 1 and 2). Compressibility introduces two additional unknowns 
into the problem. In the present work, the dependent variables selected 
to represent the new unknowns are the dilitation and the enthalpy. The 
main advantage of the integral representation is that it permits the 
computation to be confined to the viscous region of the flow. In the 
case of an incompressible flow, the viscous region is the region of non-
negligible vorticity. In the case of compressible flow, the viscous 
region is the region of non-negligible vorticity and dilitation. 
Progress that has been made towards the attainment of the objectives 
of this research, both in the analytical formulation and in the numerical 
procedures, is outlined in the following. 
2. PROGRESS IN THE ANALYTICAL FORMULATION 
As stated in the introduction, the main objective of this research 
is the development of a new numerical technique for solving the compressible 
Navier-Stokes equations. The present research utilizes the experience 
gained in solving incompressible Navier-Stokes equations. For incompressible 
flows, both the kinetics and the kinematics of the flow can be represented 
in terms of integrals relating the velocity and the vorticity (References 
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1, 3, 4). If the flow is steady, the integral representation for the 
kinematics is somewhat simplified (Reference 1). 
In the case of steady compressible flow, integral-representation 
describing both the kinetics and the kinematics of the problem have been 
derived and were presented in the research proposal. (Reference 5) leading 
to the present project. The development of an integral-differential 
formulation for the case of unsteady two dimensional compressible viscous 
flow has been completed and is outlined below. 
The vorticity w and the dilitation S are defined by: 
4 	4 4 
V XV = W 
4 4 
V . 	= 
(1)  
(2)  
where v is the velocity vector. Substituting (1) and (2) into the Navier-
Stokes equations, one obtains after some lengthy algebra, the following 
governing equations: 
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are the usual definition of the Reynolds number, the Prandtl number, 
the ratio of specific heats, and L, uco ,pco and T have been used in the 
nondimensionalization. The terms 4) ,4), and 0, are "source-like" terms, 
are identically zero in the incompressible case, and are 
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In the above expression the vector product terms denote the magnitude 
of the resulting vector. 
The equations (3) are four equations with six scalar unknowns e, 
h, 13, wand v. The needed relation to close the system is obtained from 
the kinematics of the problem. From (1) and (2) we obtain 
4- 	4. 4- 	4. 4- w x(r-r
o










In (8) R is the domain of the flowfield where w and (3 are non-negligible. 
The analytical formulation for two-dimensional unsteady compressible 
Navier-Stokes equations in terms of vorticity and dilitation, as described 
above, has been applied to two test problems. 
2. PROGRESS IN THE COMPUTATIONAL ALGORITHMS 
2.1 Flow over a flat plate  
The compressible flow at a zero angle of attack over a flat plate 
of length L, at Mach number M = 0.5 and Prandtl number 1, was investi- 
ao 
gated using the approach described in Section 2. The relatively 
coarse grid had uniform Ax = 0.1L and Ay = .04L. The computational domain 
was extended 0.5L ahead of the leading edge of the plate, 1.5L behind 





Figures 1 and 2 show the distribution of the streamwise velocity 
u and the enthalpy h, at midplate, after steady state convergence was 
obtained, at a nondimensional time level t = -- =2. The numerical calcu- 
co 
lations predict an overshoot at the u profile when compared with the 
boundary layer theory. This overshoot is due to the boundary-layer dis-
placement effect and is expected. Figure 3 shows the vorticity distri-
bution at midplate from the present method, from boundary layer theory, 
and from a finite-difference solution of the Navier-Stokes equations. 
Considering that the Navier-Stokes calculations were done with different 
grids, the results are in reasonable agreement. 
2.2 Flow around a circular cylinder  
The second test problem solved using the present method is the flow 
over a circular cylinder, at R e = 40, M = 0.4 and P r 
= I. The compu-
tational field is subdivided into three-regions bounded by concentric 
circles with their center at the center of the cylinder, and with radii 
0.35R, 2.525R and 17.916R, where R is the cylinder radius. Inside the 
first circle the integral representation for the kinematics was used. 
In the other two regions, a Poisson type equation for the kinematics was 
solved. However the velocity at the boundaries of the regions was obtained 
from the integral representation for the kinematics. This segmentation 
technique was found to accelerate the convergence rates and also reduce 
the required CPU time. 
In the polar grid used, the spacing in the 0 direction was V20, 
and the spacing in the radial direction was exponential with 
dr = e zdz and dz = .06 
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The computations were stopped at a time level t = 	= 15.1 when 
"co 
a steady state solution has been achieved. The time step was varied 
gradually from .05 to .15. Small time steps were used at the beginning 
of the calculation (impulsive start) because the flowfield was varying 
rapidly. 
Figure 4 shows the pressure distribution at the cylinder surface 
computed from the present method and a finite-difference technique. 
Considering the difference in grids used, the results are in reasonable 
agreement. Figure 5 shows again the surface pressure distribution obtained 
from the present method in the incompressible limit, together with experi-
mental data and from applying the Karman-Tsien (K.T.) rule to the incompres-
sible results. Although the K.T. rule applies strictly to slender bodies, 
it seems to underestimate the compressibility effects on the pressure 
distribution. 
Figures6 and 7 are computer generated plots of the streamlines and 
equal vorticity lines for the flow around the cylinder, both for the 
incompressible and the compressible flow case. 
In summary, the integral-differential method has been found capable 
of accurately predicting the compressible flowfield around the circular 
cylinder. 
4. WORK IN PROGRESS 
At the time of the writing of this report, the steady state compressible 
flow solution of the Navier-Stokes equations has been programmed using 
integral representations for both the kinematics and the kinetics of 
the flowfield. The program is at the debugging stage. The method 
uses triangular elements for the flow in a channel. 
-6-- 
PUBLICATIONS 
This research project was initiated only six months ago. The following 
documents, however, have been prepared under partial support by NASA- 
Lewis Research Center. It is expected that much of the information reported 
in these documents will become available in the open literature in the 
near future. 
1. J. C. Wu, "Accomodation of Diverse Length-Scales in General. Viscous 
Flows," an invited paper to be presented in June, 1980, at the Second 
International Symposium on Innovative Numerical Analysis in Applied 
Engineering Science and to be published in the Symposium Proceeding 
by the University of Virginia Press. 
2. Y. M. Rizk, "A Integral-Representation Approach for Time-Dependent 
Viscous Flows," a Ph.D. Thesis, Georgia Institute of Technology, 
March 1980 (in print). 
3. M. M. ElRefaee, "A Numerical Study of Laminar Unsteady Compressible 
Flow over Airfoils," a Ph.D. thesis proposal, Georgia Institute 
of Technology, February 1980. 
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2. M. M. Wahbah, "Computation of Internal Flows with Arbitrary Boundaries 
Using the Integral Representation Method," Georgia Institute of  
Technology Report, March, 1978. 
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4. Y. M. Rizk, "A Integral-Representation Approach for Time-Dependent 
Viscous Flows," a Ph.D. Thesis, Georgia Institute of Technology, 
March 1980 (in print). 
5. J. C. Wu, "A New Numerical Approach for Compressible Viscous Flows," 
A Research Proposal submitted to NASA-Lewis Research center, Georgia  
Institute of Technology, April 1979. 
6. M. M. ElRefaee, "A Numerical Study of Laminar Unsteady Compressible 
Flow over Airfoils," a Ph.D. thesis proposal, Georgia Institute 
of Technology, February 1980. 
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1. INTRODUCTION 
The main objective of the research being conducted under the NASA Lewis Research 
Center Grant NSG-3307 is the development of a new numerical technique for solving 
the compressible Navier-Stokes equations. This new technique uses an integral repre-
sentation of the kinematics of the flowfield. For steady flow, an integral representation 
of the kinetics can also be used. Progress that has been made towards the attainment 
of the objectives of this research is outlined in the following. 
2. THE STATIC STALL OF AN AIRFOIL IN COMPRESSIBLE FLOW 
A full cycle of events, observed before in the incompressible flow case, has been 
successfully computed for the static stall of a Joukowski airfoil at M = 0.4. Details 
of the work are in Publications 1 and 2. Publication 1 has been attached as Appendix 
A to this progress report. The two main conclusions from the study are the following: 
1) The developed numerical technique is capable of predicting the complicated flowfield 
around a stalled airfoil. The scheme has been tested by comparing with results obtained 
from conventional finite-difference techniques. 2) Compressibility delays the occurence 
of events, such as formation of the primary bubble and its subsequent bursting. 
Several observations were made during the present study. The results described 
below are for a Reynolds number, based on the airfoil chord, of 1,000, and, for the com-
pressible case, for a freestream Mach number 0.4 and a Prandti number unity. The air-
foil, a 9% thick modified Joukowski airfoil, was at a 15 ° angle of attack. The dimension-
less time T is based on the cylinder radius to which the airfoil is transformed and on 
the freestream velocity. 
Several checks were performed, with compressibility "switched off". Figure 1 
shows the history of loads after the impulsive start at T = 0, for two different grid 
spacings in the azimouthal direction. Although the figure indicates that the truncation 
errors are small, they are significant enough to warrant special attention when compressi- 
bility effects are examined. Also, to the authors knowledge, this is the first computation 
of a "second cycle" of events for the static stall case. This second cycle starts around 
T 30, and the amplitude of the oscillating force coefficients is reduced. Figure 2 shows 
a comparison of the history of loads obtained from the present method and from a finite-
difference technique l . The results of Reference 1 were obtained with a second order 
(in time) accurate scheme and with twice more grid points than the ones used in the 
present study. Figures 3, 4, 5 and 6 show comparisons between incompressible and com-
pressible results. The compressiblity effects are small because of the low subsonic Mach 
number, which means that in a practical situation of static stall, incompressible theory 
could accurately predict the amplitudes of the load variation. The results were obtained 
with the same grid for both the incompressible and the compressible cases so as to make 
the effects of the grid error comparable for the two cases. 
Figures 7 and 8 show load histories obtained by a finite-difference techn ique 2  . 
The results for M . 0.2 are virtually the same as in the incompressible case. Although 
the initial conditions used in Reference 2 (uniform flow with the freestrearn velocity) 
are different than those used in the present study (potential flow solution), the compres-
sibility effects observed are very similar to those computed using the integral technique. 
This difference in the initial conditions precludes a detailed quantitative comparison. 
However, comparing Figures 4 and 5 with Figures 7 and 8 shows that the maximum and 
minimum lift and drag computed from the two techniques are in good agreement. 
PUBLICATIONS 
The following documents have been prepared under support by NASA-Lewis Research 
Center: 
1. 	J. C. Wu, M. El-Refaee and S. G. Lekoudis, "Solutions of the Unsteady Two-Dimensional 
Compressible Navier-Stokes Equations Using the Integral Representation Method," 
AIAA Paper 81-0046, presented at the AIAA 19th Aerospace Sciences Meeting in 
St. Louis, Missouri, Jan. 12-15, 1981. 
2. 	M. El-Ref aee, "A Numerical Study of Laminar Unsteady Compressible Flow over 
Airfoils," Ph.D. Thesis School of Aerospace Engineering, Georgia Institute of Tech-
nology, 1981 (in preparation). 
REFERENCES 
1. Mehta, U. B. and Lavan, Z., "Starting Vortex, Separation Bubbles and Stall - A Numeri-
cal Study of Laminar Unsteady Flow Around an Airfoil," J. Fluid Mech., Vol. 67, pp. 
227-256, 1975. 
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Stall of a NACA 0012 Airfoil," AIAA Paper 80-0010. 
           
       
       
       
       
       
       
         
         
       
       
      
0 
      
0 
0 
     
    
0 
       














0^:`f 	 . c.1+%D;)!!1 ir\13S:3?:id 
!' 4 
 
:F ' J3 	S 	)1 fi (7) 	A.):_r,-.)',77,! 1 -1 	jNDS!":_-;Vtr;OD  
O ui 	OC 	 000( 
0 	0 0 
a._n - 0 
   
.1N 
PRE:N I 




   
     
■■•••••■ 
■ ■• 





















r  k, J 
- 
1 . 0  
T [, T 
4 •') 	. 
• 





0. 0 	9.00  
PRE';c"!,...!T RESt 





:‘ 3 C 
PIGURF( :4 ). "ME HISTOR ES Cf LOAT:, 
Pri rc,F1' ,.17 











-C> PFEc3ENT RF-suo- s(r, .4,-_- D 4 ) 
c. 
0 
5.00 	9.00 	1 300 	17.00 	21.00 
TIME, T 






















FIGURE( 6). 1- !%4E HISTOR'ES CF WADS 
R'_ii- FRFNC.F 2 	(M=0.2) 





1 	 I 





FICA:RE( 7 ). TIME HISTORIES OF LCiAnq 













RED E r 	2 (M=0.2) 




25.00 219.00 	33.00 











Solutions of the Unsteady Two- 
Dimensional Compressible 
Navier-Stokes Equations Using 
the Integral Representation Method 
J.C. Wu, M. EI-Refaee and 
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SOLUTIONS OF THE UNSTEADY TWO-DIMENSIONAL COMPRESSIBLE NAVIER-STOKES 
EQUATION USING THE INTEGRAL REPRESENTATION METHOD 
J. C. Wu * , M. M. EIRefaee
+ 
and S. G. Lekoudis• 
 School of Aerospace Engineering 
Georgia Institute of Technology 
Atlanta, Georgia 30332 
Abstract 
The integral representation method was used 
to obtain numerical solutions of the compressi- 
ble, unsteady, two-dimensional Navier-Stokes equa-
tions for subsonic flows. The equations were writ-
ten with the vorticity, the dilatation, the den-
sity and the enthalpy as the dependent variables. 
The method was tested by solving the following 
problems: the flows over a flat plate, around 
a circular cylinder and around a Joukowski air-
foil. The last two problems involved massive 
flow separation. The approach offers the capa-
bility of confining the domain of computations 
to the region where two quantities are non-negli-
gible, the vorticity and the difference in dila-
tation between the real flow and the potential 
flow around the body. 
1. Introduction 
The equations that govern most of the flows 
of interest in aerodynamic applications are the 
Navier-Stokes equations. Because of their com-
plexity, analytical solutions are available only 
for an extremely small number of problems. Hence, 
numerical solutions are being sought. For flow-
fields with certain characteristics, simplifica-
tions of the Navier-Stokes equations, compatible 
with the characteristics, have been used to pre-
dict these flowfields. However, there are cases 
of importance in applications where simplifications 
of the equations are not allowed because of the 
nature of the flowfield. Examples of such cases 
are the static and dynamic stalls of airfoils and 
the complicated flows inside turbomachinery de-
vices. 
The computation of the flowfield around air-
foils undergoing static or dynamic stall has al-
ready been performed by several investigators. 
References 1 through 5 describe different methods 
for solving the problem in incompressible flow. 
The compressible flow problem has been examined 
in References 7 and 8. These calculations re-
quire considerable resources, especially for the 
case of high Reynolds number flows. Some of the 
reasons for the requirements will be explained 
below. 
* Professor, Associate Fellow, AIAA. 
+ Research Assistant, Student Member AIAA. 
• Assistant Professor, Member AIAA. 
Gold(Ot 0 Americos lestituSe of Aerationles sad 
Moroototics, loc., 1911. MI rights reserved. 
Most of the methods used to obtain numerical 
solutions to the Navier-Stokes equations have 
common characteristics. They use finite-differ-
ence techniques and they apply the infinity bound-
ary conditions at some finite distance from the 
body. They compute the surface vorticity, a quan-
tity of importance in the accuracy of the calcu-
lations, using essentially interpolation proce-
dures. One reason that is costly to obtain these 
solutions is that a large number of grid points 
must be used. That is so because the grid must 
capture the details of the flow where the gradi-
ents are large and also extend far enough so that 
the infinity boundary conditions can be used with 
some confidence. 
A different approach for computing unsteady 
viscous flowfields was presented in References 
9 and 10. The main advantage of this approach, 
called the integral representation method, are 
the following: First, the computations are con-
fined to regions of non-negligible vorticity, 
which is quite small for high Reynolds number 
flows. Hence, the number of points in the com-
putational grid is smaller than the number re-
quired by more conventional approaches for com-
parable accuracy. Second, the surface vorticity 
is computed directly and not through interpola-
tion. Moreover, the infinity boundary conditions 
are satisfied exactly. For the case of incom-
pressible flows, the flowfield around airfoils 
with massive separation was computed using this 
approach in References 2 through 6. 
In the present study, the integral approach 
is extended to compressible flows. This has been 
achieved by using the dilatation as a dependent 
variable. The resulting system of equations needs 
to be solved only where the vorticity and the di-
latation are non-negligible. Because the dila-
tation is significant at distances from the body 
where the vorticity is already negligible, at 
high Reynolds numbers, the approach does not 
seem as advantageous, as in the incompressible 
case. However the problem has been reformulated 
so that solutions are needed only in regions 
'where the vorticity is non-negligible and the 
dilatation difference between the viscous flow 
and the potential flow around the same configu-
ration is also non-negligible. 
The developed formulation has been applied 
to the following problems: The problem of the 
flow over a flat plate, around a circular cylin-
der, and around an airfoil. The last two prob- 
lems involve massive flow separation. The formu-
lation is described in section 2 of this paper. 
The numerical procedure used is described in sec-
tion 3, the results and discussion are in section 
,4, and the conclusions are in section 5. 
1 
2. The Analytical Formulation  
2.1 The governing equations 
In an unbounded two-dimensional region R, 
the conservation of
13 
 mass for compressible !low 
can be expressed as 
V(I,t)= 14 	Jr 





a( i*,t ) 	vx f(i-',t ) 
8(7,0 	v . 	 (2b) 
are the definitions of vorticity t17 and dilatation 
B, and t. is the assumed uniform velocity at 
infinity. The equations (1) and (2) describe 
the kinematics of the flow because, once Ill and 
B are known, the instantaneous velocity field 
is known everywhere through the integral (1). 
In the incompressible flow case, the vorticity 
Zig governed by the vorticity transport equa-
tion, obtained by applying the curl operator 
on the momentum equation (Navier-Stokes equation) 
and using (2a). In the compressible case,BOO, 
an equation governing the transport of the dila-
tation B is needed. Using the definitions (2) 
and applying the curl and the divergence opera-
tors on the compressible momentum equation for 
two-dimensional flow, we obtain: 
if • - v.vw +V 2  w +0 (P,B,w,h) 
)  
a8 	 4/3P\ .57 - v.vB 	(7,77.) v 2 +*(P,6,w,h) 
where w denotes the magnitude of vorticity vec-
tor. The terms @ and IP are given in the appendix, 
look like "source" terms, and are identically 
zero in the incompressible case. In (3) and (4) 
R is the Reynolds number, P the density, o the 
(variable) viscosity and h is the enthalpy. All 
the quantities in (3) and (4) are nondimensional. 
Hence, it seems necessary, in order to solve the 
system (1), (2), (3) and (4) and obtain answers 
to the problem of compressible flow, to have P 
and h available. They can be obtained by solving 
the following equations for P and h: 
Because (1) and (2) completely define the 
flowfield (the instantaneous pressure can be easi-
ly obtained through a numerical integration of 
the momentum equation once the velocities are 
known) we need only to solve for the part of the 
flowfield where w and B are non-negligible. For 
high Reynolds number flows, w is substantial only 
in a region close to the body and in the wake. 
Hence this approach offers a reduction of the 
computational region, compared with more conven-
tional formulations. This has already been demon-
strated in calculatiwof problems involving 
incompressible flows 	. In the compressible 
flow problem examined here, the computational 
domain must extend far enough from the body to 
include the region where B is substantial, at 
least in the computational sense. For the case 
of the subsonic flow around an airfoil, potential 
flow theory indicates that this region has a 
length scale comparable with the airfoil chord. 
Hence, it seems that the developed formulation 
does not offer any substantial advantage over 
the more conventional approaches. However, by 
using potential flow solutions around the body, 
it will be shown in section 2.2 that the domain 
of computations can be further reduced. 
2.2 Use of the potential flow solution to further 
reduce the domain of computations. 
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 is the region of the flow where vorti- 
c. ity is non-negligible and R
2 
 is the rest of the 
domain, extending to infinity for exterior flow 
problems. This expression can be written for 
potential flows around the same body: 
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The expression (5) is the conservation of mass 
and (6) is the energy equation. 0 are "source" 
terms and are given in the appendix. In (6), the 
perfect gas equation of state is used, Pr is the 
Prandtl number, k is the thermal conductivity, y 
the ratio of specific heats. The system of equa-
tions (1) to (6) is closed and completely equiv-
alent to the familiar Navier-Stokes equations 
written in primitive variables, provided that the 
dependence of Pr,o , k, and Y on the state proper-
ties P and h are known. The following observation 
can be made about this system. 
ry px(it-it ) 
° dS + V 
lr-r S 
where the subscript p indicates potential flow 
and y is the vortex sheet strength on the sur-
face g of the body, due to the potential flow. 
Then, if R extends far enough from the body, 
the combination of (7) and (8) Rives: 
(8) 
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3. 	The Numerical Procedures 
Because 	the computation of the flow around 
the airfoil is the most complicated of the prob-
lem that have been attacked, using the formula-
tion described in section 2, the subsequent dis-
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The relation (9) implies the following. First 
13-13 in R, is small enough so that its effect 
on Ehe velocity in R 1 is negligible. Second, 
one needs to solve only in R1 , which is a smaller 
region than the region where 0 is significant. 
Thus, the approach does offer a reduction of the 
computational domain, compared with conventional 
approaches. Detailed discussion of this advantage 
is given in Reference 11. 
2.3 The surface vorticity 
Imposing the no-slip condition on the body 
surface overspecifies the boundary condition for 
the vorticity transport equation. This state-
ment has already been discussed in detail in other 
publications dealing with the integral represen-
tation approach, and a detailed descriptioy 0 can 
be found in Reference 10. It can be shown 
that the surface vorticity can be uniquelly de-
termined by applying the no-slip condition on the 
integral expression for the kinematics of the 
problem. For the case of the compressible flow 
problem examined here, the application of the 
no-slip condition on (9) gives: 
+ + 4 4  
('(Y-Y )x(r -r ) 	 -1 )+03 - 0 	) 
p 	s o s 0 	 s 0 dS + 







The region around the Joukowski airfoil was 
transformed onto the region outside a circulfr 
cylinder through e conformal transformation . 
Hence, for both the cylinder and the airfoil prob-
lems, the computational domain was the same. In 
this domain a polar coordinate system (r,B) was 
used. For the case of the airfoil, the governing 
equations are the same as in the case of the cir-
cular cylinder, the only difference being the 
appearance of the scale factor of the transfor-
mation. This procedure, used several times before 
in the solution of incompressible flow problems, 
can be found in References 4, 5, and 11. 
For reasons of computational efficiency, the 
integral representation for the kinematics was 
used only in a part of the computational domain. 
This part included the outer boundary, the first 
eight grid lines around the airfoil, and a region 
between the airfoil and the downstream boundary. 
This region was bounded by two grid lines in the 
radial direction and included the trailing edge 
of the airfoil. In the rest of the computational 
domain, a Poisson equation for the velocity in 
the 9 - direction was solved. Then, the defini-
tion of the dilatation B was used to obtain the 
velocity in the r-direction. 
The transport equations for w, 8 , P and h, 
equations (3), (4), (5) and (6) respectively, 
have the same form. Hence, the numerical scheme 
used to solve them is kept identical. The equa-
tions were solved in the computational domain 
using a polar grid with equal spacing in 43, Tr/24, 
and increasing spacing in the radial direction 
according to 
= 0 	(10) 	 r. = 1 + exp I z. + (j-1)6z1 
where the subscript S denotes the solid boundary 
and Y is the unknown surface vorticity, to be 
obtained by solving the integral equation (10) 
for V. 
Equation (10) is a vector equation. An effi-
cient method to solve (10) for / has been .devel-
oped and applied to the incompressible flow case. 
To describe the method briefly, the dot product 
of (10) with the vector E, tangential to the body 
surface, is taken and the principle of conser-
vation of total vorticity is used to transfer 
I outside the first integral. The area integrals 
involving (7, are evaluated using Fourier series 
expansion because the flow is periodic in 0, in 
a polar coordinate system (r,0). This applies 
both to the cylinder and to airfoil problems be-
cause the computational domain for the airfoil 
is the outside of the cylinder, to which the air-
foil is transformed. The same technique has been 
used in the present study with the extra compli-
cation of evaluating the area integrals involving 
the dilatation using Fourier series. Details 
can be found in Reference 11.  
with the cylinder radius having a length of uni-
ty and j increasing away from the cylinder. An 
implicit finite-difference scheme was used for 
the solution of the transport equations. The 
time derivative was approximated using first order 
backward differencing and the diffusion and source 
terms were approximated using second order central 
differencing at the solution time level. The 
convection terms were approximated, in their con-
servation form, by second order 	upwind differ- 
encing. The finite-difference equations were 
linearized by delaying the velocities at the con-
vection terms by one time step, and by delaying 
some quantities in the source terms. The result-
ing algebraic equations were solved using a suc-
cessive "point under-relaxation" scheme. The 
relaxation sweeps were alternating in the 0-direc-
tion because that was found to accelarate con-
vergence. The sequence of the calculations was 
as follows: 
1) With all the dependent variables known at 
the previous time level, the vorticity trans-
port equation is solved to obtain the values 
of the interior vorticity. 
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2) New values of the boundary vorticity are ob-
tained using the integral representation, 
as described in section 2.3. The steps 1 
and 2 are repeated until a prescribed con-
vergence criterion is satisfied. 
3) The rest of the transport equations are solved 
to determine the values of 0, P and h at the 
new time level. 
4) Using the new w and 13, the velocities are 
computed in the 8-direction. As mentioned 
before, the integral relationship is used 
for the first eight grid lines next to the 
body, at the outer boundary, and at a region 
that includes the trailing edge of the air-
foil and is bounded by two grid lines in the 
radial direction. In the rest of the domain, 
a Poisson equation is solved for the velocity 
in the 0-direction using finite-differences. 
Then the velocities in the r-direction are 
obtained using the definition of the dila-
tation. The time is advanced and the pro-
cedure is repeated from step 1. 
The zero derivative of h and P normal to the 
wall was used as boundary condition (adiabatic 
wall). The value of 0 at the wall was obtained 
using three-point extrapolation at each iteration 
of the transport equation for 0. The potential 
flow values used for all the field variables were 
used as upstream boundary conditions at the outer 
boundary. Zero second derivatives for h, P and 
#, and zero vorticity were used as downstream 
boundary conditions at the outer boundary. The 
wake never approached the outer boundary during 
the calculations. 
4. Results and Discussion 
The formulation presented in section 2 of 
this paper was tested by solving for the flow 
over a flat plate, around a circular cylinder 
and around a 9% thick Joukowski airfoil. A de-
scription of the results follows. 
The flow over a flat plate was solved for 
the conditions: freestream Mach number 0.5, 
Prandtl number 1, Reynolds number based on plate 
length 1,000. A relatively coarse grid with uni-
form Ax = 0.1L, Ay = .04L was used. The grid 
extended 0.5L ahead of the leading edge of the 
plate, 1.5L behind the trailing edge of the plate 
and 0.8L above the plate. Figure 1 shows the 
vorticity at the middle of the plate obtained 
using the present formula5iy9 and a purely fi-
nite-difference technique ' . The differences 
are partly due to the different grids and partly 
due to the different numerical schemes used. 
The second test problem solved was the flow 
over a circular cylinder. The conditions used were: 
free stream Mach number 0.4, Prandtl number 1, 
Reynolds number based on the cylinder radius 40. 
The computations were started by using the po-
tential flow solution at the beginning and stopped 
at a time level of 7.5, based on the freestream 
velocity and the cylinder diameter, when numeri-
cally steady state was achieved. To test the 
program, the vorticity transport equation was 
solved alone by "switching off" the source terms. 
Thus, incompreasible flow results were obtained. 
Figure 2 shows a comparison of the pressure coef-
ficient obtained using the developed formulation, 
obtained for the incompressible flow case, and 
for experiments in incompressible flows 15 . The 
compressibility effect is small, as expected for 
the condition stated above. Figure 3 shows the 
compressible pressure coefficient obtained using 
the present ap9rHch and a purely finite-differ-
ence technique ' . Table 1 shows some more com-
parisons. 
The most complicated problem solved using 
the developed formulation, was the flow around 
a 9% thick Joukowski airfoil. The region out- 
side the airfoil was mapped conformally onto the 
computational domain which was the region outside 
a circular cylinder. A grid with equal spacing 
in the circumferential direction and exponentially 
expanding in the radial direction was used. Fig-
ures 4 and 5 show the surface pressure distribution 
and vorticity of the airfoil, at zero angle of 
attack, for the following conditions: freestream 
Mach number 0.4, Prandtl number 1, Reynolds number, 
based on the airfoil chord, 1,000. The calcula-
tions were started by using the potential flow 
solution as the initial flowfield. Numerically 
steady state solution was obtained after a dimen-
sionless time of 2.25, based on the freestream 
velocity and the airfoil chord. In Figures 4 and 
5 the surface pressure and vorticity distributions 
are compared with 7 imults of a purely finite-dif-
ference technique ' . Considering the differences 
in the grids and the techniques used, the results 
are close. Unfortunately, similar comparisons 
for the angle of attack case were not possible 
due to the different fiowfields at the beginning 
of the calculations. Although the effect of the 
initial condition on the magnitude of the compu-
ted field variables decays rapidly, phase dif-
ferences make further comparisons not possible. 
The airfoil exibited massive separation at 15 ° 
 angle of attack. Figures 6, 7, 8 show the sur-
face pressure distributions and 9, 10, 11 show 
the surface vorticity at three time levels after 
the beginning of the computations. Results for 
incompressible flow are also shown in these fig-
ures. The effect of compressibility, although 
small for the conditions stated above, is to de-
lay the sequence of events, like the growing of 
the bubble and the bursting of the bubble from 
the airfoil surface. Figure 12 shows the stream-
line-like lines at the same three time levels. 
These streamline-like lines were obtained using 
the stream function corresponding to the calcu- 
lated vorticity, and a stream function correspond-
ing to the potential flow due to the computed 
dilatation 0, in an additive fashion 1 . Because 
the compressibility effect is small, these lines 
are very close to the actual streamlines. 
The grid was extended during the calculations 
due to the increasing viscous region of the flow. 
The average execution speed was .02 seconds per 
time step per grid point on a CDC 6600 computer. 
Table 1 
7,12 
Quantity 	 Finite-Dif.Present Method 
Angle of separation 127.5 ° 	126.3 ° 
Length of standing vortex over 
cylinder diameter 	 2.54 
	
2.92 
Drag coefficient due to pressure 1.32 1.23 
Drag coefficient due to shear 	0.561 	0.520 
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12. Sankar, N. L., Private Communication. 
13. Wu, J. C., "Integral Representation of. Field 
Variables for the Finite Element Solution 
of Viscous Flow Problems," Proceedings of  
the 1974 Conference on Finite Element Methods  
in Engineering, pp. 827-840, Clarendon Press, 
1974. 
14. Roach, P., Computational Fluid Dynamics, 
Hermosa. Publishers, page 73, 1976. 
15. Grove, A. S., Shair, F. H., Peterson, E. E. 
and Acrivos, A., "An Experimental Investi-
gation of the Steady Separated Flow Past a 
Circular Cylinder,", J. Fluid Mech., Vol. 











The integral representation approach has been 
extended to the case of compressible flows, and 
has been used to solve the two-dimensional un-
steady compressible Navier-Stokes equations for 
three subsonic test problems: the flow over a 
flat plate, around a circular cylinder and a-
round an airfoil. The solution obtained compare 
favorably with existing finite-different solu-
tions. More important, the method restricts the 
domain of computations to the viscous region of 
the flowfield. The viscous region is the region 
where the vorticity and the difference in dila-
tation between the real flow and the potential 
flow around the body are numerically significant. 
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(A.5)  
In the above expression the vector product terms 
denote the magnitude of the resulting vector. 
For low subsonic speeds the variation of viscos-
ity and thermal conductivity have a negligible 
effect and the "source" terms can be approxi-
mated by 
- w6+ --7/1 14/3(00 x ;ID) :k - Vp .Vtd. 
ReP 
+1:1- (571np x Vh).1; 
	
(A. 6) 
. $ 2  +(VviVu)1. + -fir—+i-4/3 pp. -C/84- (.; ph(0):t 1(  
e 
- iy11(v2h 	h.V2 lnp + Vh.Vlnp) 	(A.7) . 	 , 
9 = -( 1(-1)13.h + 	{(4/3)0 2 + w 2 + 4(VvxVu).:ipRY 
(A.8) 
In the above expression, 1 denotes the unit vec-
tor normal to the plane of the flow. 
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1. INTRODUCTION 
The main objective of the research being conducted under NASA Lewis 
Research Center grant no. NSG 3307 is the development of a new numerical 
technique for solving the compressible Navier-Stokes equations. This 
new technique utilizes an integral representation of the kinematics of 
the flowfield. In the case of a steady flow, an integral representation 
of the kinetics of the flowfield can also be utilized. 
In the case of an incompressible flow, both the kinetics and the 
kinematics of the flowfield have been expressed as integral representations 
(Reference 1 and 2). Compressibility introduces two additional unknowns 
into the problem. In the present work, the dependent variables selected 
to represent the new unknowns are the dilitation and the enthalpy. The 
main advantage of the integral representation is that it permits the 
computation to be confined to the viscous region of the flow. In the 
case of an incompressible flow, the viscous region is the region of non-
negligible vorticity. In the case of compressible flow, the viscous 
region is the region of non-negligible vorticity and dilitation. 
The progress that has been made towards the attainment of the objectives 
of this research, both in the analytical formulation and in the numerical 
procedures, is outlined in the following. 
2. PROGRESS IN THE ANALYTICAL FORMULATION 
As stated in the introduction, the main objective of this research 
is the development of a new numerical technique for solving the compressible 
Navier-Stokes equations. The present research utilizes the experience 
-1- 
gained in solving incompressible Navier-Stokes equations. For incompressible 
flows, both the kinetics and the kinematics of the flow can be represented 
in terms of integrals relating the velocity and the vorticity (References 
1, 3, 4). If the flow is steady, the integral representation for the 
kinematics is somewhat simplified (Reference 1). 
In the case of steady compressible flow, integral-representation 
describing both the kinetics and the kinematics of the problem have been 
derived and were presented in the research proposal (Reference 5) leading 
to the present project. The development of an integral-differential 
formulation for the case of unsteady two dimensional compressible viscous 
flow has been completed and is outlined below. 
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where v is the velocity vector. Substituting (1) and (2) into the two-
dimensional Navier-Stokes equations, one obtains after some lengthy alge-
bra, the following governing equations: 
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where p is the density and h is the enthalpy of the fluid 
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P v 
are the usual definition of the Reynolds number, the Prandtl number, 
the ratio of specific heats, and L, u , p and T have been used in the 
co 	 cc 
nondimensionalization. The terms (I),q), and 0, are "source-like" terms, 
are identically zero in the incompressible case, and are given in the 
Appendix. 
The equations (3) are four equations with six scalar unknowns e, 
h, ,(1) and v. The needed relation to close the system is obtained from 
the kinematics of the problem. From (1) and (2) we obtain 
1 r ) + ) --0- 
v
o' 	= w- 	
dR + v 
	




In (5) R is the domain of the flowfield where w and (3 are non-negligible. 
The analytical formulation for two-dimensional unsteady compressible 
Navier-Stokes equations in terms of vorticity and dilitation, as described 
above, has been applied to two test problems and to the flow around an air-






3. PROGRESS IN THE COMPUTATIONAL ALGORITHMS 
3.1 Flow over a flat plate 
The compressible flow at a zero angle of attack over a flat plate 
of length L, at Mach number M = 0.5, Reynolds number of 1,000 and Prandtl 
number 1, was investigated using the approach discribed in Section 2. The re-
latively coarse grid had uniform Lx = 0.1L and Ay = .04L. The computa-
tational domain was extended 0.5L ahead of the leading edge of the plate, 
1.5L behind the trailing edge of the plate and .8L above the plate. 
Figures 1 and 2 show the distribution of the streamwise velocity 
u and the enthalpy h, at midplate, after steady state convergence was 
obtained, at a nondimensional time level t = uL = 2. The numerical calcu- 
CO 
lations predict an overshoot at the u profile when compared with the 
boundary layer theory. This overshoot is due to the boundary-layer dis-
placement effect and is expected. Figure 3 shows the vorticity distri-
bution at midplate from the present method, from boundary layer theory, 
and from a finite-difference solution of the Navier-Stokes equations. 
Considering that the Navier-Stokes calculations were done with different 
grids, the results are in reasonable agreement. 
3.2 Flow around a circular cylinder 
The second test problem solved using the present method is the flow 
over a circular cylinder, at R
e 
= 40, M = 0.4 and Pr = 1. The compu-
tational field is subdivided into three-regions bounded by concentric 
circles with their center at the center of the cylinder, and with radii 
1.35R, 3.525R and 18.916R, where R is the cylinder radius. Inside the 
first circle the integral representation for the kinematics was used. 
In the other two regions, a Poisson type differential equation for the 
-4- 
kinematics was solved. However the velocity at the boundaries of the 
regions was obtained from the integral representation for the kinematics. 
This segmentation technique was found to accelerate the convergence rates 
and also reduce the required CPU time. 
In the polar grid used, the spacing in the 8 direction was 7/20, 
and the spacing in the radial direction was exponential with 
r. = 1 + exp ((j-l) Az) 	and Az = .06 
The computations were stopped at a time level t = 15.1 = R/ n when 
um 
a steady state solution has been achieved. The time step was varied 
gradually from .05 to .15. Small time steps were used at the beginning 
of the calculation (impulsive start) because the flowfield was varying 
rapidly. 
Figure 4 shows the pressure distribution at the cylinder surface 
computed from the present method and a finite-difference technique. 
Considering the difference in grids used, the results are in reasonable 
agreement. Figure 5 shows again the surface pressure distribution obtained 
from the present method in the incompressible limit, together with experi-
mental data and from applying the Karman-Tsien (K.T.) rule to the incompres-
sible results. It is recognized that the K.T. rule applies strictly to 
slender bodies. It seems to underestimate the compressibility effects on 
the pressure distribution. 
Figures 6 and 7 are computer generated plots of the streamlines and 
equal vorticity lines for the flow around the cylinder, for both the 
incompressible and the compressible flow case. 
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In summary, the integral-differential method has been found capable 
of accurately predicting the compressible flowfield around the circular 
cylinder with massive separation. 
3.3 Flow around a 9% Joukowski airfoil 
The method is being applied to the case of a compressible subsonic 
flow around an airfoil. A conformal transformation is used to map the 
exterior of the airfoil onto the exterior of a unit circle. The compu-
tation is then performed in the circle-plane. 
Figures 8 and 9 show the streamlines and the surface pressure distri-
bution for the flow around a 9% thick Joukowski airfoil at zero angle 
of attack for R
e 
= 1,000. From figure 9 it can be seen that results 
from the present method are in good agreement with results from conven-
tional finite-difference techniques. 
The method was next applied to the case of the same airfoil at 15 ° 
 angle of attack. The flow is generated from an impulsive start at T 
= 0. In order to check the program, incompressible calculations were 
done by "switching off" the terms due to compressibility in the program. 
Figures 10, 12, 14 and 16 show streamline and equal vorticity countours 
generated from the program, with compressibility neglected, for different 
nondimensional time levels. Figures 11, 13, 15 and 17 show the corres-
ponding surface vorticity distributions. All the incompressible results 
are in good qualitative agreement with previous incompressible calcula-
tions (Reference 7). 
Figures 18 and 19 show streamlines, equal vorticity countours and 
surface vorticity distributions for a compressible flow around the same 
airfoil with a freestream Mach number of 0.4. 
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4. WORK IN PROGRESS 
The steady state compressible flow solution of the Navier-Stokes 
equations has been programmed using integral representations for both 
the kinematics and the kinetics of the flowfield. The program is at 
the debugging stage. The method uses triangular elements for the flow 
in a channel. 
Also work continues on the compressible airfoil program to obtain 
more results, to speed up the program, and to compare results with con-
ventional finite-difference techniques. 
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Figure 3. Vorticity Profile at Mid Plate 
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Figure 5. Circular Cylinder Surface Pressure Distribution 
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Figure 6. Streamlines and Constant Vorticity Contours for Viscous 
Incompressible Flow Past a Circular Cylinder (Re = 40) 
Figure 7. Streamlines and Equal Vorticity Contours from Compressible Flow 
Around a Circular Cylinder (R = 40, M = 0.4, Pr = l) 
• 
Figure 8. Streamlines around a 9% Joukowski airfoil for R
c = 1,000, 
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Figure 10. Streamlines and Equal Vorticity Contours Around a 9% Joukowski Airfoil. 
Incompressible Theory, a = 15 ° , R = 1,000, T = 14.05. 

















Figure 11. Surface Vorticity Distribution on a 9% Joukowski 
Airfoil. Incompressible Theory, a= 15 ° , R = 1,000, 
T = 14.05. 
Figure 12. Streamlines and Equal Vorticity Contours Around a 9% Joukowski Airfoil. 










Figure 13. Surface Vorticity Distribution on a 9% Joukowski Airfoil. 




Figure 14. Streamlines and Equal Vorticity Contours Around a 9% Joukowski Airfoil. 
Incompressible Theory, a= 15 ° , R = 1,000, T = 21.37. 
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Figure 15. Surface Vorticity Distribution on a 9% Joukowski Airfoil. 
Incompressible Theory, a= 15 ° , R = 1,000, T = 21.73. 
Figure 16. Streamlines and Equal Vorticity Contours Around a 9% Joukowski Airfoil. 
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Figure 17. Surface Vorticity Distribution on a 9% Joukowski 
Airfoil. Incompressible Theory, a = 15 ° , R = 1,000, 




Figure 18. Streamlines and Equal Vorticity Contours Around a 9% Joukowski Airfoil. 
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Figure 19. Surface Vorticity Distribution on a 9% Joukowski 
Airfoil. Compressible theory, M x = 0.4, a = 15 ° , 
R = 1,000, T = 7.2. 
APPENDIX 
Definitions of Source-Like Terms 
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In the above expression the vector product terms denote the magnitude of 
the resulting vector. 
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The objective of the Grant NSG 3307, from the NASA Lewis Research 
Center to the School of Aerospace Engineering at Georgia Tech, was to 
develop a new numerical approach for computing unsteady compressible 
viscous flows. This approach offers the capability of confining the region 
of computation to the viscous region of the flow. The viscous region is 
defined as the region where the vorticity is nonnegligible and the 
difference in dilatation between the potential flow and the real flow 
around the same geometry is also nonnegligible. The method was developed 
and tested. Also, an application of the procedure to the solution of the 
steady Navier-Stokes equations for incompressible internal flows is 
presented. 
1 
2. MATHEMATICAL FORMULATION 
In this chapter the mathematical relationships that govern the time 
history of compressible viscous flow around an arbitrary body are 
presented. The kinematic and kinetic boundary conditions are stated and a 
method for estimating the surface vorticity is described. In order to 
improve readability, the derivations of some of the equations used in this 
chapter are omitted in the main text and given in the appendices. 
Governing  Equations  
In the absence of body forces, the Navier-Stokes equations for a 
compressible fluid with density 0, viscosity thermal conductivity k and 
ratio of specific heat coefficients -1 , may he written In an inertial 
coordinate system as follows 




The equation of continuity Is given L, 
3P 
+ V.(PV 	- 0 	 (2.2) 
3t 
The energy equation and the equation of ';Cate are giv e n by 
3 
ah 	22. 	„  P 	+ p V.(711) - V.7p = -V.c1 + 
at - 
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where T 	the shear stress tensor and can 6e expressed a3 follows; 
Li 
e.. + 6 .. )q7.V) 
13 	1 j 
Here e.. is the rate of strain tensor and X is the second coeffi-
cient of viscosity. 
Kinematics Expressed in Integral Representation  





7 . V = 	 2.6) 
The kinematics of the pcobLem, govern, , !:-)y 	 (,2.5) and (2.6) 
are elliptic in natero, requill.:g the pecificitIln 	 Dirichlet or 
4 
mixed type of boundary conditions for velocity. 	These conditions are 
required both at infinity, known as the factrenm :.on it i.on, and on the 
solid surface. In the present study, Dirichlet type 'bow dart' conditions 
are prescribed on the boundaries. 







and R is the fluid domain bounded by the boundary b. For external flow 
problem, the boundary b consists of the farstream boundary c and the body 
surface s. On s, the no - slip condition is used, while V = V is prescribed 
on c. 
Since the kinematic relationsnips are linear in V, the velocity 
vector V can be decomposed into a solenoidal part V
I
nd an irrotational 
part V
2 
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Wu ( 1 ) has shown that it is possible to recast the kinematic aspect 
of the problem into an integral representation for the velocity V in terms 
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( 2.13 ) 
In (2.13) R is the region where the , , orticity and di.iltar_on are non-
negligible. At high and moderate Reynolds number :he dilatation is 
significant at distances from the body where the vorticity is already 
negligible. Hence the approach does not seem as dvantageous as in the 
incompressible case. However, by using the potential flow solution around 
the same body, it will be shown in the next section that the domain of the 
computations can be reduced to include only the region where the vorticity 







flow are both non-negligible. 
Use of the Potential  Flow Solution to Reduce  the Domain of Computations 
Equation (2.13) can be written in the following form 
V(r ,t) 
O 
4 	.4 ,, , + 
1 (0 x ■ r - r ) +c,',.f.r. ) 
1 	 0 
ir-r 
RI 	 i 	0. 
ciR 
(2.14) 
where R1 is the region of the flow where vorticity is non-negligible and R2 
is the rest of the domain, extending to infinity for external flow 
problems. This expression can be written for the potential flow around the 
same body as follows: 
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where the subscript p indicates potential flow i3hd 	 the vortex sheet 
strength on the surface, s, of the b-xlv due t3 the p :t.ntial flow. lecause 
equation (2.15) is a limiting .:;se th,:! f,elie7= , roes compressible flow 
relation (2.14), it gives the potential %.elccity everywhere except at the 
surface where the equation is identicall ,! 2:ero. 
If region R1 extends far enough from the body, the combination of 
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The relation (2.16) implies the following. First, ( b -+. p ) in region 
R2 is snail enough so that its effect on the velocity in region R1 is 
negligible (a detailed discussion of this aspect is given in Reference 11). 
Second, one needs to solve only in region R1, which is a smaller region 
than the region where 3 is significant. 
The kinematic boundary condition for the external flow problem 
requires that the velocity has to reach the freestream velocity at an 
infinite distance away from the solid surfaces. 	This requirement is 
referred to in this work as the far field boundary conditions. 	This 
requirement is satisfied by equation (2.16). 	However, i f a finite-dif- 
ference method is used without any coordinate transformation, this bound-
ary condition is difficult to satisfy since the corrutattonal domain to be 
included becomes very large. 
Kinetics -  The Vorticity, Dilatation, Dansity, 
and Energy Transnort Equations 




Vx V x W + vIrIP x '7 II + 	x (2. 17 ) 
Similarly, taking the divergence ,7)f equation (2.1) and using e.qua-
Lion (2.4) results in 
r -o- 	 Y-1, 	- 1 	 (-1 t 	-■ 
Tt = -7. 
L( V .7) Vi 	y )v 	 1 n 	f_ ) v,7 . 
(2.18) 
Specializing the equations for two-dimensioiil case, rearranging 
the terms in equations (2.17) and (2.18), and collecting the coefficients 
of a and w, equations (2.17) and (2.18) become 
14.) 
at 	 Re.P = - 7.(Vw) + 	 + W( 0, ,w,h) 
3e 	+ 
= - V.(Ve) + ( 	 ) v 2 
3.Re.0 	X(P ' B ' " 11) 
(2. 19) 
(2.20) 
The full details of the derivation oE the above equations are given 
in appendix B. 
The density and energy equations :111 be atso wrt,ten in terms of the 
derived variables w and 3as follows 
31nP 
at 	= - V:(V1nP)) 	 (2.21) 
3t 




where w denotes the magnitude of she ;or icity vector. The terms 4), 
and 9 look like source terms and are given H appendix 3. 
The governing equations (2.19) to (2.22) have been non-dimen-
sionalized by normalizing the variables with respect to the following 
reference quantities: distance, L; velocity, V ; density, p ; enthalpy, 
V
2 ; and time, L/V , where L le the criaracterLitic length or the body. 
This type of normalization leads to the following non-dimensional para-
meters: Mach number, M ; Reynolds number, Re; and PrJindri a)mber, Pr. 
Formulation for the Study of an Impulsively Started Airfoil  
In this section, the mathematical formulation discussed above is 
specialized and applied to the study of compressible laminar flow past an 
impulsively started airfoil. The airfoil geometry and the grid system are 
generated through a conformal transformation which transforms the airfoil 
into a unit circle. The airfoil chosen for the numerical study is a 
modified 9% Joukowski airfoil. 
By using the transformation relations given in appendix 	, the 
governing equations (2.19-2.22) are written in the transformed plane and in 
a conservation form as shown below. 
The vorticity transport equation is 
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where H is the scale fac:or. 
The dilatation :ran port equatioil 
1 0 
B 	1 	-`• 





The density transport equation is 
31nP 
2 
(- 	( VlnP)) 	F 
	
(2. 2 5) 
The energy transport equation is 
all 	1 
at 7 -"v- (vh ) + h2( 	
)v2h + Re .Pr p 
(2.26) 
where V is the apparent velocity in the transformed plane and the diver- 
gence and Laplacian operators are applied in the tr:insformed plAne. The 
source terms (1),x ,F and 0 are .aiven in appendi7K 
The radial and tangential components of ti -1 velocity in the trans-
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1r-to 	 r p 
(2.28) 
Equations (2.27) and (2.28) are essentially the sane as the two 
components of equation (2.16) in cylindericil coordinates, except for the 
scale factor H. 
Surface VoIticitv Determination 
The vorticity values away from the surface are determined using the 
vorticity transport equation (2.23). In order to solve this equation, it 
is necessary to prescribe the vorticity values on the solid surface at all 
time levels. To do that, the viscous region is conveniently divided into a 
vortex sheet of strength I located on the surface, and an outer vorticity 
field Where the vorticity w and the dilatation are assumed to be known. 




- H(Y-Y )(r cos((-0 )-r )de 
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o 	s  
r +r -2r cosi0-9 
s s 	s 0 
Here y represents the integrated value of eldn on the H - st cell adjacent to 
the surface and r
s 	
s 	 s is the po,tion vet' r fcr the 	L 	on the surfa.l .e 
where the tangential component is calculated. is the tangential 
velocity at the body surface due to both the outer vorticity z - ield and the 
whole dilatation field in RI, and is given by 
12 
2ff f(l3-43 )H - r sin(6-9)rdrd9 wH
2 (r cos(8-9 )-r )rdrd9 
	











R1 	 111 	0 
(2. 30) 
It must be noted that the region R1 in the first integral does not 
include points on the solid surface. 
If r approach r
s
, the first integral on the right-hand aide of 
equation (2.29) becomes (20j. 
(y-y )H (r
s 
cos(0-e )-r )rde 
1 	 P 	
o s 	. ..1.(Y-Y)lids+y-y )H 
P 	 P _4n 
2irJ 	r 2 +r 2 -2r 2 cos(B-9) 
(2.31) 
s s 	s 	s 	 u 
The principle of conservation .)f ror_nl vurticity gry 
27 
2 
r (18 = -. 1- 
47 	 (2.32) 
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Substituting equations 2.30-2.33) into equaLion (2.29) yields 
(r2 
	2. 	- 
s -r . )wH' 	 H 2 (:;$-'3 )r sin(9-8 o )rdrd6 Y 	1 27r 2 ji 	2 	 +: B S 	 r +r -2rr cos074-9  (R1- s) RI 
( "2.3 4 ) 
13 
In equation (2.34) the region (Ries; Is the c.)mpdtatiun regiJn R1 
excluding the surface s. Since the radius of the circle iu the transformed 
plane is taken to be unity, equation (2.34) is rewritten as 
= 1 	
W H 2 ( 1-r )rdrde 
27TH 1+r -2r cos(9-0 ) 
	




(R1-s) 	 RI 
4- V 
	( 2.3 5 ) 
P 
Segmentation of the Velocity Field 
The advantage of using equation (2.27 to calculate exterior flew 
problems stems from its explicit natere. 	Thus, the integrei formulation 
permits the determination of the velocity on t 	boundeties ef re:cangular 
regions without regard to the interior nodes. 	In severnl cases, since 
rapid finite-difference computational schemes are availeL)le for solving 
the Poisson's equation in regions with rectangular boundaries, a combi-
nation of equation (2.27) and such schemes can provide a faster way to 
compute velocities in exterior flow problems. For this reason, the 
computational domain is divid,d into compertmenei in which the kinematic 
computations are performed independently ot each other. The choice of the 
scheme, to be applied in each compartment, depends upon the shape of the 
body surface and on the relacite distance between the bode surface and the 
compartment. For example, as will be shown later in the static stall ease, 
the integral relation (2.27) is used in the whole wa'ee and in inner regions 
adjacent to the airfoil surface in nrder :o c'milphre rhe The 
0 - u 
0 
± 	 -0- 








Poisson's equation is used in the rest:  of the computational domain and the 
velocity on the boundaries is calculated using the integral relation (2.27). 
The Poisson's equation for the tangential velocity in the trans-
formed plane is derived as follows: 
The vorticity and dilatation can be written as 
Upon taking the curl of the terAs in equation (2.36), the equation becomes 
-Y. 	-0. 	0. 	► + 
V x 	= V x V xv --Vl J.V) - 
0 
Substituting equation (2.37) in equation (2.38) one obtains: 
% 	4- 




Writing equation (2.39) in polar coordinates 
Dwo 	
33 	
1 	i r +  
r D9 ar 1 r 	/3r 	r 39 	9 
(2.38) 
(2.39) 
= 9 (2.40) 
By singling out the tangential cOmpOner.L terms La 	 (2.4C one gPts 
1 	0  72 v 	_ 	 + 
3r (2.41) 
Equation (2.41) is the Poisson's equation for the tangential velo-
city written in the transformed plane. 
15 
Once the tarigental component at the velocity. V, is determined 
0 	 the 
radial component of the velocity is calculated explicitly by using the 
definition of the dilatation in the transformed plane, namely 
P . V = 	= B  
3V r 1 	a 
— , 3 
alr 	r 	r de 	o 
(2.42) 
Pressure and Shear Calculations 
Since the surface pressure details are needeil :cir any load esti-
mation on the body surface, the equation of state (2.4) used to de-
termine the pressure on the surface as follow.: 
,Y-L 
p = (-7--i Ph (2.43) 
A pressure coefficient can be written as 
C = (2.44) 
where p
o 
is a reference pressure. 
As will be shown later, the gradients of the flow variables on the 
upper surface of a stalled airfoil are very sensitive to small disturbances 
created either by using different approximations to the governing 
equations or by adopting different boundary conditions. Compressibility 
effects are expected to be small for N = 0.4, and in order 
16 
to cap ture the se small eit 	cs , 	.i 	i.ed in 	Lee pr - !sent 
compre s!.-; ib 1U results with 1 nc 4'u p re sn)L I . 	es 	: a ir,r-d by 	S ng exactl y 
the same mathematical and numerical t ) roced 	s 	t? , r al is re a 6.0 , a 
different ( from that employed in the test Lascs) scheme for compu ting the 
surface pressure, similar to the scheme used H the i.ncAT:p res ib It.1 case 
), is developed and pre sen r= ed. be lcu.  
In the body—fitted coordinate system, the vector momentum equation 
is 
-I- 
■ 	l' , 'AV 	-■ y -0- 	-■ 	 ± 
P ''-- + 0(V.V)V ' — 7p 4- 7. 1' 
at 
(2.45) 
At the surface, the momentum equal ion is reduced to the following 
simple form because of the no—slip cond ition.  
VP= V . T 
	
46) 
Taking the dot product 	t the 	 t Cc with LL c: tangential 
unit vector t at the surface, de t ined o sitivu :rho.2 ,11111:e rc ockwise 
sense one gets 
(2.4 7) 
where s is the coordinate d irec lion tangent id 	te th ,? surface, and is 
measured positive in the counter,:lockwisP 





For simplicity, it is assumed that ti , e fluid is a perfec - gas with 
constant molecular viscosity, thermal conductivity and 	 heat. 
These assumptions are reasonabl ior low ';bsonic Llows. dy these 
assumptions the right-hand side ,-) f equaticci (2.47) can be written as 
follows: 
V .1- 	+ 1/30a 	 (2.49) 
Inserting equation (2.49) into equation (7.41) one ;,ets 
913 	2 
= pV V, + (j=-) is 
3 	ds (2.50) 
Also, 







where n is the unit normal vector on the body surface, measured sositive in 
the direction away from the solid surf 	Because of the no-s 














Combining the terms, equation (2.47) reduces to 
w 	
3$ 12 = P 
a
a + ( 1/3)P -- 
as 	n 3s 
(2.53 ) 
If the pressure, is non-dimensionalized with respect to the dynamic 
pressure at infinity, and all quantities are non-dimensionaltzed with 
respect to the reference quantities mentioned earlier, equation (2.53) 
becomes 
3C 
2C a ,.. 3'U
Te- 	
11'33 
as  d 
P-Po 





The dimensionless shear stress at the surface is given 






knowing the surface pressure and the surface shear stress distributions, 
other quantities of interest such as lift, drag and moment can be easily 
obtained. 
Calculation of Loads 
Once the surface pressure and shear stress distributions are known, 
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(2.60) 
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and C, are force coefficients directed normal and tangential 
to the airfoil chord, and CM 
is the moment coefficient. The subscripts p 
and F denote the pressure and the skin friction contribution respectively. 
The moment is taken about the origin of the coordinate system and is 
positive in the counterclock Ise direction. 
	






cos (1- C T sin a 	 (2.65) 
C
D 
= Cs sin ct.- 	cos a 	 a.66) 
where a is the angle of attack. 
Initial and Boundary Conditions 
The non-circulatory potential flew solution is used 	as an 
Initial condition 	the ire sentwnr. 	 Lucy surface, the 
vanishing normal derivatives Tlf enthainy 	Lit . 	 p wer.- used as 
boundary conditions for h and P. 	These condition are= convenient for an 
adiabatic wall. The surfac,: vaiw s of ;:ne 	 ...7ere obtained using 
a three-point extrapolation fornelA .Hr kg each 	tH:n of the dila- 
tation transport equation. The boundary viilues o 	•Here relaxed and set 
to be zero Whenever the solution 2p»,iced sL 'ACIV 	 The integral 
expression (2.35) wd, 	 c.cmpuc 	 r 	 t 	y 
iteration while iterAring the voricLty t!. 	 ,- , (111;At10). 
21 
The potential flow values were used as in flow boundary conditions, 
While the vanishing second derivatives for 	h,P and zero vorticity were 
used as downstream boundary conditions. 	The wake never approached the 
downstream boundary during the calculations. rh,1 afprementi.Jned 5oundary 
conditions preserve the elliptic nature of the problm . 
3. RESULTS AND DISCUSSION 
The procedure developed was tested on two problems in order to 
demonstrate the ability of the approach to compute attached and separated 
flows. The test problems considered are: (i) laminar compressible flow 
around a circular cylinder, (ii) laminar compressible flow over an airfoil 
at zero angle of attack. Finally, the method was applied to the static 
stall problem. 
In the results discussed below, the non-dimensionalization is done 
with respect to the free stream velocity and the characteristic length of 
the body in the transformed plane. In the airfoil case and other test 
cases, the solid body was set into motion impulsively. Since the time 
rate of change of all flow variables is very high after the impulsive 
start, very small values of the time step, At, are used to obtain proper 
timewise resolution at the initial time levels. 	As the gradients with 
respect to time decrease, large values of .1t, are used. 	The under- 
relaxation parameter, which sometimes controls the acceleration of the 
convergence of the iterations, is varied depending upon the type of problem 
considered. 
Laminar. Coen ressibie Flow Past  a Circular  Cylinder 
The present scheme also has been applied to the study of laminar 
compressible flow past a circular cylinder at a Reynolds number of 40, Mac 
number of 0.4 and Prandtl number of 1. be Reynolds number is based on the 
cylinder diameter and the free stream velocity. This classical test case 




The grid system consists ut Lines ot constant radii and lines of 
constant angle H. 	The lines of constant e are ,qually spaced with n/20 




, 	s = 	 = 1,Jmax 
By varying s uniformly, pith 	0.uf;, ar: e:.(;) ne.e ill variation is 
obtained. The total number 	grid points e.ed is c000 points, it should 
be noted that with the preseot iormulation not all at these grid point are 
involved in the computations At All r. vela At the ,-!arlier time 
levels, the computational region contained about 40% of the total number of 
grid points. As the solution progressed 1) time, the number points in 
the computational domain increased. When the computations were terminated 
at a time level of 15.1, the computational region contained all the 2000 
points. 
In order to compute the kinematL part of the problem the segmen- 
tation technique, explained in chapter Li was used. 	The computational 
domain is divided into three annetar regions R', R" and R"'. 	The inner 
region, R', consists of 240 nodes. The intermediate region, R", consists 
of 600 nodes, while the outer region, TO, contains 11°0 enial points. 
Regions R', R" are matched at distance or .,n5 radii away from the 
surface; likewise the regions R" and R"' ara matched at a distence of 2.525 
radii away from the surtace. The far-tiel ,1 Doenniry L'cateu i. 
radii away from d-le surr.ace. 	The integral formula is used 	to 
compute the tangential velocLy in iwion !C and on ali of the uGundarie3. 
Then, the Poisson's equation is iterated to get the velocit es in R" and 
R" . 
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The kinetic equations (2.19), (2.20), (2.21) and (2.22) are 
approximated by an implicit finite-difference scheme in the polar 
coordinates and are solved by using the 'point successive under- 
relaxation' technique. 	Central differences are used to approximate the 
convection terms. 	It should he noted that no symmetry was assumed 
regarding this present case. 
The solid body was set into motion impulsively. At this impulsive 
start, the flow was prescribed by the potentialflow solution about a 
circular cylinder immersed in a uniform stream. The time step varied 
gradually from 0.05 to 0.15. The solution was terminated at t . 15.1. At 
this time level the drag coefficient ha'l converged to three digits. In the 
present case, the time is non-dimensionalized relative to the cylinder 
radius and the free stream velocity. 
In Figure 	1. the : ■ 111- Lice pre s 1.1 rt' d 	te 	t ion at steady f tate is 
compared with the numerical solution obtained by Sankar and Tassa [2] . 
The agreement is quite good. 
In Table 1, the present compres Lb le and incewp 	ib le results ..re 
compared with the compressible results of Reference 2 . 	le thi:; Tab le, the 
separation angle 0 	is measa:e.: lrom tne 	 eic obtained as the seep. 
point on the surface' wrier - tNL 	t!ci.t y 	s 	. 	ng 	the 
standing vortex (L/R) tpre , eats the d_s 	 etweLl t_h:! :eutee 0 t. th e 
cylinder and the point on the co stari.t. '.mere 'fie Ye 	ty changes sign. 
These compar isons indicate ,ha t the present, :;olu t! on and the finite-
difference method give resu' rs that are in sit: is f ac tory agreement. 
TABLE 1 
Comparison Between the Prsent Method and Reference 2 
Presents Pesuli 	 Reference 2 
 
Inc nttp re s  
(MO) 
Compressi_ble 	Compressible 
    
    
e sep 








Pressure Drag 1.025 1.'30 1.32 
Coefficient C
D 




Total Drag 1.580 1.750 I 	081 
Coefficient C
D 
Minimum Surface -6.60 -6.12 -5.82 
Vorticity 	. 
min. 
Compressible Laminar: Clow Pzist an Airf.oil 
An-1.e I Atcack 
The computational procedur ,2 nevelcped here is net: applied to Lae 
case of compressible Laminar flow past 	ipy-atmctrlc 9 .1 fhick Joukowski 
airfoil at a zero angle of ac. -iak. 	The airtui! is CJLT1 Ltd'5 mans of a 
conformal transformation oL a _nit 	 The chord Reynolds number 
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considered in this case is 1000. The Mach number is 0.4 and the Prandtl 
number is unity. The normalizing reference time is obtained by dividing 
the transformed circular cylinder radius by the free steam velocity. All 
of the quantities are non-dimensionalized with respect to the free stream 
velocity and cylinder radius. 
The tangential velocity, V 6 , in the transformed plane, is 
calculated using the integral relation for the set of nodes on the first 
coordinate line next to the surface and at the outer boundaries. The 
Poisson's equation is then solved by using a 'successive point over-
relaxation' technique in the rest of the domain. The difference kinetic 
equations, written in the transformed plane, are solved using a 'point 
under-relaxation' iterative technique. The circular domain is discretized 
with 60 equally spaced points in the direction and 40 points in the 
radial direction. The time step is gradually varied from 0.0025 to 0.1 
during the course of the computations. The computations are initiated with 
an impulsive start. The initial surface vortex sheet strength is computed 
from the potential flow velocity values. The kinematic computations are 
done with the finite Fourier series method. At a time level of 6.5, a 
steady state is determined to have been reached based upon the agreement 
(within 1%) of the computed surface vorticity values with those of the 
previous time level. 
In Figures 2, 3 the present surface pressure and surface vorticity 
values are compared with the corresponding values obtained in Reference 
2 . Both solutions are in very close agreement. The reference pressure 
used in these figures is the free stream pressure. 
Laminar Compressible Flow Past an Airfoil at  
an Angle of Attack 
The airfoil used in the present study is the 9% thick symmetrical 
Joukowski airfoil described in appendix E. The chord Reynolds number 
considered is 1000. The Mach number is 0.4, the Prandtl number is 1.0 and 
the angle of attack is 15 ° . 
A number of publications (1, 2, 3, 5, 6, 7) have treated this 
problem before by incompressible flow. It can be seen from these results 
that the solutions are not quantitatively comparable. However, there is a 
qualitative similarity between the results. In the static stall case, the 
results depend on a number of factors such as grid resolution, 
specification of the far-field boundary conditions and the numerical 
scheme. Therefore, in order to capture the small compressibility effects 
expected here, the compressible results have been compared with 
incompressible results obtained using the same computer program after 
'switching off' the compressibility effects. 
Consequently. before solving the compressible static stall problem, 
it was appropriate to conduct first a series or incompressible numerical 
experiments to : 	( i) test toe code, (ii) inspect the.sensi t ivity of this 
solution with the change of mesh size in the e ditecti 	(iii) examine the 
role of the time increment on the accuracy 	the lolataou, (iv) examine 
the cyclic behavior of the solution, an (v) ootain _nc)ciipresle data to 
be compared later with the compressible data. The difference between the 
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two solutions represnts the effo. 	at compress 
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Incompressible Solution  
The incomprepsihle solutlon For the , _ L1L 	stall (:R(! 
by following the same procedure u.ied later Lot the compressible case. in 
order to demonstrate the accuracy of the scherne, the incompressible 
solution has been zompared wita the numerieal results if Mt ' 11 " [7]. 
shown in Figure 4, the present results agree very well with Menta's results 
at the early time Levels. As expected. the two ointiuns dif:er quanti-
tatively at the later time levels. 	However, the qualitative behavior is 
similar at these later time levels. 
To illustrate the effect of the grid resolution on the solution, two 
sequences of solution were obraned for 	= 7/:a and L -1' =7/30. Figure 5 
shows the history of a load comparison bt.tween the two solution. 	It is 
seen from this figure that the two soiution.s are comparable. 	Although 
there is no drastic difference hetween the two solutions, thorn still 
exists enough of a Jifference that ther ,- ouih be a mi,nterpretation of 
the results obtained for two liiferent mesh size solutlas, une compres-
sible and the other incompressible. Thm experiment demonstrates the 
importance of using the same grid size whenever small compressibility 
effects are examined. 
The continuation of the cyclic behavior of the solution for more 
than one cycle and the validity of the present method for a number of 
cycles of vortex shedding was demonstrated. The solution was advanced in 
time up to a dimensionless time level of 62 (the reference time being the 
transformed circle radius divided by the free-stream velocity). Figure 5 
shows the time history of loads which illustrate the cyclic behavior of the 
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solution with time. 	Note that there are two cycles observed in the 
prescribed time range. This exercise provides considerable confidence in 
the formulation of the problem and in the computer program. 
Finally, in order to study the effect of the time step on the 
solution, three numerical experiments, with three different time 
increments, were performed. Table 2 shows the comparisons among these 
three solutions. Each solution has been started at time level of 20.175, 
and then advanced in time up to a time level of 21.615 and 24.735. The good 
agreement among the solutions is apparent in Table 2. It could be 
concluded that, within the prescribed time range, the size of the time step 
plays a minor role in the accuracy of the solution. 
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TabL 2 
Comparison Among Three Different 	TiE0 Incrmonts 
Time Level At Cr -C s,m10 
0.1',41 0.1160 -89.26 0.06 0..2582 
t 	= 	21.615 0.12 0.2574 16 0.110 -89.41 
0.24 0.2623 0.1683 0.1127 -89.58 
0.06 0.3415 0.1722 0.1225 -93.971 
t = 24.735 0.12 0.3516 0.1718 0.1235 -94.28 
0.24 0.3527 0.1686 0.1257 -94.46 
Compressible Solution 
In the Figures that follow, the chordwise distance ,i., no t„,i u c}lord 
percentage" is measured from the ;ding edge of the of Coil. The force 
coefficients are normalized with respect ro the free-stream velocity and 
the radius of the unit circle. The normalized refernoe time is obtained 
by dividing the radius of the unit hy te? free stream velocity. 
The grid system contains 48 equally spiced po.nt?i in the 8-,1irection 
and 40 points in the radial direction. The exponential relatlen given in 
appendix E is applied for placing the point3 in the r direction. The time 
increment used in this numerical ceidy is progressively increased from At = 
0.0005 to At = 0.24. A total of 255 time steps were used to march the 
solution to a time level of 31.275 when the computations were terminated. 
Using the flowfield -:egmentvrIon t:e ,:hnique described earlier in 
chapter II, the velocity is eht -,ined everywhere ui the computational 
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domain. 	Figure 6 shows the : ,2gmented compar tc:er. L S and the kinematic 
relation used in each of chem. 
The iterative procedure used in solving the kinetic equations were 
varied to study their effects on the Li, luLLon. `3 ,4tching the iteration 
direction in the tangential c)ordiratis was Ised to accelra'_e the con-
vergence. The convergence criteria used in solving tao vortcitv transport 
equation was based. on the maximum vortex strength variations between two 
consecutive iterations, where the vortex sheet strength is defined by 'Y = 
wH2dr. Invariably, the maximum variation between two consecutive iter-
ations occured near the trailing edge, which can be explained by examining 
equation (2.35). 	It is seen that the scale factor H appears in the 
denominator. 	Because the scale factor is very small near the trailing 
edge, it amplifies any error in the aalcelated value o the surface vortex 
sheet strength. The above criror -iJ for sown , r.:nnL. ailows Y)T- 0 tolerance 
for the vortex sheet strength !ear the traiLing d ;,;e tH.In anywtiero else. 
The tolerance level specified for the vortex 3het rcrene:a was 0.602 at 
the earlier time levels and is .Lbs:il'ently 1ud Li, r).00(5 at Liter time 
levels. Continuation of the iteritn 	o. 	 Ler- 10,: 	limit was 
not found effective in reducing the residue. 	The resicue instead oscil- 
lated around a minimum value without showlas iny tends 	Lo r,?ach sero. 
The maximum tolerance criterInn 113,2d ill itirat.vig dir 	nnalpy and 
density transport equations are 0.1 	and .51 ot the previous iteration, 
respectively. 	In iterating for the dilatation transport equation, a 
stringent tolerance limit in the vic i nity of the a:rfoil was nssimed in 
order to ensure proper convergenco. 	in the outer regions and near the 
trailing edge, this limit is re axed to accelerate rho convergence. 	At 
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associated with the formation of both the secondary and the trailing edge 
bubbles, and (iv) reattachment of the primary bubble. The initial attached 
bubble which expands with time is referred as the 'primary bubble'. 
The convention used is that the upper surface vorticity is negative 
for attached flows while positive vorticity indicates flow reversal. The 
opposite is true for the lower surface 
The first stage of the flow field development reflects the effects 
of the impulsive btart. Immediately after the impulsive start, the 
vorticity is only non-zero at the surface, while potential flow exists in 
the rest of the fluid. The rear stagnation point is located on the upper 
surface of the airfoil. Within a short time, the rear stagnation point 
moves close to the trailing edge. This movement is associated with the 
formation of a "starting vortex". At subsequent time levels the boundary 
layer starts growing on the upper and lower surfaces of the airfoil. The 
thickness of the boundary layer on both the upper and lower surfaces 
increases with time, as is observed from the displacement of the 
'streamline-like' lines near the surface. For convenience, the 
'streamline like' lines will be called 'streamlines'. The thickness of the 
boundary layer on the lower surface is smaller than the thickness of the 
boundary layer on the upper surface due to the existence of a favorable 
pressure gradient on most of the lower surface. The extent of the region 
of adverse pressure gradient on the upper surface is shown in the pressure 
distribution plot. It is also observed, at this stage, that the magnitude 
of the surface vorticity near the leading edge on the upper surface 
• continues to decrease with time, forecasting the onset of separation in 
that neighborhood when the surface vorticity changes sign. However, the 
separation does not actually occur until a time level of 1.88. During this 
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first stage, and after the decay of the influence of the impulsive start, 
the value of C starts increasing due to the growth of circulation after 
first reaching a minimum value at T = 1.0 as shown in Figure 7. The value 
of C
D 
continually decreases because the decrease in the friction force on 
the lower surface as the positive vorticity decreases with time. 
The second stage of flow development describes the occurrence of 
separation, together with the formation and growth of the primary bubble. 
The separation first takes place at 20% chord at T = 1.88. The size of the 
separation bubble increases with time until it covers most of the upper 
surface. This is expected, since the separation point moves forward 
towards the leading edge and the reattachment point moves rearward towards 
the trailing edge. At time level 7.214, the separation and the 
reattachment points are about 95% chord length apart. The increases in the 
size of the separation bubble increases the effective thickness of the 
airfoil, and the increase of the intensity of the reversed flow inside the 
bubble causes additional suction pressure on the upper surface. The above 
two factors result in an increase in the value of C
L 
with time. During the 
duration of the primary bubble, the drag coefficient remains approximately 
constant. 
In the third stage of flow development, the primary bubble is 
ruptured and an open bubble is formed, indicating the cyclic start of 
vortex shedding. The reattachment point of the primary bubble lifts off at 
a time level of 7.214 causing separated flow over almost the entire upper 
surface. The increase in the number of streamline loops inside the 
separated bubble, indicates an intensification of the reversed flow inside 
the bubble. The flow rotation inside the bubble is clockwise, with the 
fluid next to the surface moving upstream. The pressure plots at 
T = 9.494, Figure 37, show a small region near the trailing edge where 
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later time levels, the mam.mum a:10 ,4aple 	 n the inner regions, 
is taken to be 0.8%. 	This represent 	the maximum percentage vdriation 
between two consecutive iterations. 
As described earlier, the total number of nodes are 19J.). F wever 
not all of these nodes were involved in the compu:-.atLons at all time 
levels. At early time levels, the vortical region is confined to only 
about 25% of the maximum computational region. The computational time per 
time step depends on the extent of the computational boundary and varies 
from as little as 70 CPU seconds at the early time levels tc 154 CPU seconds 
at later time levels on the CYBER--70 computer with a CDC 6400 CPU. 
The average computational time required in the present ,;tudy to 
advance the solution for one dimensionftss time 	16 CPJ minetes. Sankar 
and Tassa 2 used an ADl sch1 ae to solve the primitive 'varLable system of 
finite-difference equations, ind took 11.5 CPU minutes to .isivance the 
solution for one dimensionless time oe the same •omput:,r. it should be 
emphasized here that, in the present study, at later time levels the memory 
requirements are larger than those required in Reference 2. However, due 
to computer memory restrictions, the present computer program could not 
utilize the maximum capacity of tae CYBER-70 computer. There f ore, unneces-
sary computations have been carried out tor a numbef of t.me :steps. 
Alternatively, if more computer core is used, along with usire; ,:, more 
sophisticated numerical procedures, it is believed that the computational 
time required to advance the solution !or one dime-irilonl, , ss time can be 
reduced beim, 11.5 CPU minutes . 
Table 3 gives the detere; o eie ';L:?ps 	 comoute,rtine 
for the present COmplitattns. 
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Tab le 3 
Sequence of Cha '4ing Ji Tune lncr(-mn!.. and 
Summary of Computer Time 
No. 	of Time 
Steps 
Time Level 	T Average 	C1' 
Time 	in Sec. 
10 0.0005 0.005 70 
10 0.001 0.015 80 
10 0.0015 0.03 55 
10 0.0045 0.075 92 
10 0003 0.155 94 
10 0.016 0.315 90 
10 0.032 1i.rj)5 .00 
10 0.364  
20 0.09 3.0,5 ,03 
20 0.12 ilq 
30 0.12 9.37J 118 
25 0.12 ::.075 130 
80 0.24 31.2 -i5 154 
* CYBER-70/Modcl 74-6400 CPU. 
Flow Dk...:velopment  
The development of the tlow field may be viewd is occuring in four 
stages. 	These are: (i) imrntts1v 	st.act, (ii) 	 of the 
primary bubble, 	(ii i 	the hurscto 	o 	Lhe p :mar y 	bb le ,4i-1 ich is 
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there is a decrease in the pressure in the direction of the main flow 
outside the bubble. This is equivalent to an adverse pressure gradient for 
the flow near the surface. A small counterclockwise separation bubble 
appears near the trailing edge at T = 11.775 as a result of the above 
mentioned pressure gradient. The size of this bubble increases slowly with 
time until it can be clearly seen at T = 14.05%. At this time level, a 
similar adverse pressure gradient develops at about 58% chordwise distance 
from the trailing edge. This results in the appearance of a secondary 
counterclockwise bubble at T = 16.71. The direction of the flow inside 
this bubble is counterclockwise, with the fluid near the surface moving 
downstream toward the trailing edge. The intensity of the flow rotation in 
the trailing edge bubble is larger than it is inside the secondary bubble, 
as indicated by the number of streamline loops inside that bubble. The 
size of the two bubbles increases with time. As time progresses, the 
primary bubble starts to shrink while the other two small bubbles enlarge. 
The secondary bubble expands locally in the normal direction, whereas the 
trailing edge bubble gets enlongated in the downstream direction. At this 
stage of flow development, the lift coefficient keeps on increasing, due to 
the extent of the primary bubble beyond the trailing edge, until it reaches 
a maximum at T = 10.75. Meanwhile, the drag coefficient starts increasing 
very slowly after the time level 4.8. This slow increase in the drag is due 
to the increase in the effective thickness of the airfoil as judged by the 
shape of the zero streamline. This causes an increase in the pressure 
drag. The value of CD continuously increases until it reaches a maximum at 
T = 12. The downstream motion of the center of the ruptured clockwise 
bubble, which is accompanied by the appearance of the two small counter- 
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clockwise bubbles, causes a general drop in the value of C
L 
after 
T = 10.75. The reason for this drop is that the negative pressure 
sustained by the primary bubble is partly removed by the formation of the 
two counterclockwise bubbles. This also results in a decrease in the 
pressure drag, which explains the drop of C
D 
after reaching a maximum at 
T = 12. 
The fourth stage of flow development involve the opening up of the 
secondary bubble, the lifting off of the trailing edge bubble, and the 
reattachment of the upstream part of the primary bubble. The streamlines 
and equi-vorticity lines show the following flow development during this 
stage: (1) the secondary bubble splits the primary bubble and opens up to 
the outside flow at a time level of 20.51; (2) the trailing edge bubble 
moves downstream until it lifts off the airfoil by T = 21.95; (3) the 
downstream part of the primary bubble starts to disengage from the surface 
at a time level of 25.455; and (4) as time progresses, the upstream part of 
the primary bubble spreads in the downstream direction until the 
reattachment point reaches the trailing edge at a time level of 31.275, 
indicating the completion of the first cycle of vortex shedding. The 
streamline pattern at T = 31.275 looks similar to the pattern at the start 
of the cycle (T = 7.214), which indicates that the second cycle of 
oscillatory behavior is going to start at T = 31.275. As the secondary 
bubble opens up to the main stream, the reattachment point of the upstream 
part of the primary bubble starts to move downstream, increasing the region 
of the clockwise reversed flow. This reversed flow is able to sustain more 
suction pressure which results in an increase in the value of CL , The 
lift-off of the trailing edge bubble and the shedding of the downstream 
part of the primary bubble into the downstream flow enables the upstream 
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part of the primary bubble to cover most of the airfoil. This will lead to 
a continuous increase in C and CD, as indicated in Figures 8 and 9. 
Judging either from the contour plots of the streamlines or from the 
time histories of the loads plots, it is estimated that one cycle of vortex 
shedding occurs during the time period from T = 7.214 to T = 31.275. With 
the airfoil chord as the characteristic length, the Strouhal number, 
defined by C/(TV), where T is the period of the cycle, is then found to be 
0.155. 
Comparison Between the Compressible and Incompressible Solutions  
In order to predict the compressibility effect for the present 
static stall case at a Mach number of 0.4, the compressible and the 
incompressible solutions obtained using the same grid are quantitatively 
compared in Table 4. The importance of using the same grid size in both 
solutions was demonstrated earlier in this chapter. 
Based on the comparison shown in Table 4, the observations made may 
be summarized as follows: 
(i) At the earlier time levels, the compressibility seems to 
decrease the rate of thickening of the boundary layer. 
(ii) The onset of the separation of the primary bubble begins to 
appear at a later time level in the compressible case. 
(iii) Compressibility seems to play a minor role in the growth of the 
primary bubble. 
(iv) The compressibility delays the appearance of both the 
secondary and the trailing edge bubbles. These two bubbles 
grow at a faster rate in the compressible case than they grow 
in the incompressible case as shown in Figures (8-i0). 
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(v) When the first cycle of vortex shedding starts, the difference 
in the force coefficients between the compressible and the 
incompressible solutions is small. 	As time advances, the 
difference between the two solutions gradually increases, 
dicating the increased influence of the compressibility. At a 
time level of approximately 21 the compressibility effect 
becomes very small. 	At this time level, the time rate of 
change of flow variables decreases to a minimum. At later time 
levels, T = 23 -- 31.275, the compressibility effect appears to 
increase again but at a slower rate. 
(vi) The effect of compressibility on the force coefficients is 
shown in Figures (8-10). This effect is comparable to the one 
computed in Reference 2, as shown in Figures 11 and 12. 
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Iable 4 
Quantitative Comparison Between the Present Incompres 
and Compressible Solutions 
Flow Events 	Compressible Data 	 Incompressible Data 
Onset of separation of 
the primary bubble 
Separation location 
from leading edge 
Cycle begins at T = 
Cycle ends at T = 
First appearance of 
trailing edge bubble 
First appearance of 
secondary bubble 











T = 11.775 
= 16.70 




T . 1.76 
6.821 
29.815 
T = 11.24 





* The force coefficients are given liter the recovery frum the impulsive 
start. 
Comparison With Other Numerical Solutions 
The flow around a 9% symmetric Joukowski airfoil at an angle of 
attack of 15 0 , chord Reynol.is number 	WOO. Mach nu.nber of .1).4 .and 
Prandtl number of one, has been solved numerically by Sankar and Tessa [2]. 
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The computational procedures of Refernce 2 a e signihcantiy 
different from those used in the present seedy, and it is very important to 
bear this in mind when comparing the results of the two stud Les. 	The 
procedures of Reference 2 are es follows: 	(1) the prmative variables 
(u,V,P,h) are used as the unknown fie', vsziabL?s; 	the governing 
equations are discretized using central lifferece iormulas for the 
spatial derivatives; (3) a second order artificial diffusion is added to 
the real diffusion term to stabilize the solution; (4) \DI procedure is 
used to solve the system of difterence equations generated from the 
governing equations: (5) a fourth order dissipation term is added to the 
governing equations to eliminate the wiggles arising in the solutions; (6) 
the outer boundary is located at six chord lengths away from the airfoil 
(in the present study the outer bounday is located at about 10 chord 
lengths away from the surface); and (7) a uniform flow is used to start the 
solution impulsively. 
Table 6 show typical comparison between the present: results and the 
results obtained in Reference 15. 
The stability requirement for non-linear problems may impose more 
restrictions on the size of the t Line 	e .2ven 	the case di '.mplicit 
schemes [8 ] 	However, Desideri et 	[9] and DaLlnJus et aI. [10], -n 
separate studies, have shewe that 	 varin(1 	)L the 	e i the 
time step between two limits :sh e 	i 	lu.iL 	 the 
tADI) schemes. 	In the pieseut 	 such lestrIc),:n en the time 
step was required. 	It is L 
	
thu uocter-relaxation 
technique in solving the (11. 	 ognaLons 	 zing effect on 
the solution. 	The maximum time 'L,2i) 	 In Reereese 	2 is 0.064, 
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whereas, in the present study, the time size was successfully increased up 
to 0.24. More details about the work can be found in Reference 11. 
Table 5 
Quantitative Comparison Between the ?resent 
Results and Those of Reference 2 
Flow Feature 	 Present RcsulLs 	 Reference 2 
Onset of separation of 
the primary bubble 
Separation location from 
leading edge 
Cycle begins at T 
Cycle ends at T = 
First appearance of the 
trailing edge bubble 
First appearance of the 
secondary bubble 
Opening up of the 
secondary bubble 
Strouhal number Ci(TV00 ) 




T = ]1.775 T = 10.6 9 5 
T = 16.70 T = 12.52 
















4. THE USE OF rHE INTEGRAL REPRESENTATION METHOD WITH 
SERIES SOLUTIONS FOR SOLVING THE NAVIER-STOKES EQUATIONS 
The use of orthogonal functions in solving the Navier--Stokes 
equations has offered high accuracy for certain problems. The reason is the 
rapid decrease of the truncation error as the number of these functions 
used increase in a series representation of the solution (16). In this 
section of the report, the use of Fourier series with the integral 
representation method (1) is developed. The procedure is applied to simple 
test problems. 
The Navier-Stokes equations, for steady incompressible flow, in a 
region R, with boundary B, can be written as follows (1) : 
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Re
+ ir h0 + n x(r -r) 
dB 














Where v and w are the velocity and the vortici 	 t ty vector respectively, r is 
the position vector and n is the unit vector on B directed outwards. The 
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subscript o indicates that a variable or an integration is evaluated in the 
r
o 
space. Notice that (4.2) is nonlinear because it is equivalent to our 
familiar vorticity transport equation. 
In a polar (r, e ) coordinate system, the vector equations (4.1) and 
(4.2) give the following scalar equations. 
1 
wor n   sin(O
o 	0) 
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r sin(; - 0) 
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0 YTr B r 2 + r 2 - 2r r cos(0 - 0) 
(4.3) 
( 4 . 4 ) 
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In (4.3) - (4.5) vr and vo 
denote the velocity components in the r and 0 
direction respectively. Because we are looking at a periodic in the 0 - 









cos nO + t




vo = p 	+ 	I 	(p
n 
cos ne 	+ q
n 







cos 	nO 	+ (3 	sin n(1) 	 (4.8) 
n 
n=1 





's, po , pn 's, qn 's are dependent on r only. 
Using the method of residuals (Appendix 0, the integrals in 
equations (4.3), (4.4) and (4.5) could be evaluated explicitly and only the 













1 	 0 ( r 
- 1 
n 	2 Jr n r 	o
+ 
 2 Jr n r ) 	
dr
o 
o 	 r 	o 
+ 127 s n (1) rn-1  - 1 q (1) r
n-1 
2 n 
(4. 10 ) 
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r n+1 	 n-1 , o, t 	- 	J. a k---) 	dr
o 	
-
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(1) are the known 
velocity Fourier coefficients on boundary (or at r=1) and C, ( , p are 












Once the Fourier coefficients of the velocities and the vorticity 
are determined, the velocity field and the vorticity field are easily cal-
culated using equations (4.3) -- (4.5). 
Equations (4.9)--(4.17) are solved using an iterative procedure for 
the problem of steady flow inside a circle. The Fourier coefficients of 
the boundary velocities are assumed to be known. 
Starting with known values of the Fourier coefficients of the 






s, the superscript "i" being the iteration 
counter, the following steps constitute one iteration loop. 




(1)'s and 8 i (1)'s. 
The boundary values of the velocities need to be satisfied by 




I s and 6 1
n





























The equations (4.20)-(4.22) are the constrains on the boundary 
vorticity values derived from equations (4.9)-(4.14) when r=1. The p o (1), 
pn (I)'s, qn (1)'s, s (1)'s, tn
(1)'s are the Fourier coefficients of the 
velocities on the boundary which are assumed to he known. With the proper 
numerical integration of the integrals in equations (4.20)-(4.22), the 
values of a i 's ands ai rrl are easily determined. 
(ii) Compute the Fouricr coefficients of the velocities in R. 
With the proper numerical integration, equations (4.9)-(4.14) give 










s in the 
o 
flow region R. 
(iii) Compute the Fourier coefficients of the convective terms. 
Because the Fourier coefficients of the velocities and of the 










s can be determined using equations (4.18) and (4.19). 	The 
coefficient po need not to be determined because it will not get into the 
calculation of the Fourier coefficients of the vorticity. This quantity is 
associated with the static pressure level and it remains arbitrary when the 
flow is incompressible. 
i+1 	i+1
' (iv) Compute the vorticity Fourier coefficients a , a n 	s and 
i+1 
's in R. 
n 
Equations (4.15)-(4,17) permit explicit evaluation of a 0




i 	i 	 i, and (31+1 '
n
s using quadratures if a
o (1), an (1)'s, 13
i
a










s, nil s are known on the right hand side of these equations. 
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In the above iteration loop, it was found necessary to employ a 





a 1+1 's and 	's in R are computed from 
i+1 a 	= A a
* 
+ (1 -A )a l 
0 0 0 	0 0 
a












- - 	 0 
fi r 's  are the values computed in step (iv). 
Converged solution of a particular problem is assumed to exist when 
the following criterion is satisfied. 
Dmax = Max 	
i+1 	 i+1 	1 	i+1 
- a ., a 	- a - 
oj 	o f nj nj nj 	nj 
I <n < N 	 (4.26) 
where subscript "j" denotes the Fourier coefficients at r=r.(r.< 1). A 
good value for E was found to be 10
4 
The new numerical approach was tested and some of its features are 
discussed as the Reynolds number increases. 
(i) Flow without separation 









This example was treated by Burggraf (12). 	He used the Oseen 
approximation, which took a rigid-body rotation as the basic flow. The 
solution of such linearized differential equation is only applicable to the 
case in which the whole flow field forms a singular circular eddy. The 
asymptotic vorticity value of the inviscid core at high Re he obtained is 
too low compared to Batchelor's (13) suggested model, which is proven to be 
quite adequate by Imai (14) and the present calculations. 
Using the present approach, converged solutions are obtained at 
different Reynolds numbers, from 0 to 1,000. The number of iterations, 
under-relaxation parameters and stream function values at the origin are 
presented in Table 6. The grid system is equivalent to 21 x 41 mesh 
points. The variation of maximum deviation D
max 
(in equation 4.22) versus 
the iteration number is shown in Figure 13 for Re = 1,000. In this case, the 
process of escalating the Reynolds number has not been used, i.e., the 
lower Reynolds number solution is not utilized as the initial solution to 
start the iteration procedure. This ha:4 otherwise been very effective in 
the calculations. 
The computer time for each iteration is about I second. Compared 
with the computer time that Imai had used at different Reynolds numbers 
(14) this approach showed speedup by factor 2 to 3. 
The streamline patterns at Re = 0, 50, 300 are in Figure 14. The 
vorticity values at 0 = 0 with different Re are presented in Figure 15. As 
Re increases, the value of vorticity in the inviscid core eventually goes 
to the value suggested by Batchelor and Wood (13). Also in this figure, 
Wood actually calculated this value exactly after using the Von 
Mises transformation in the closed boundary layer region as . 
Stated simply, the vorticity value in the inviscid core is 
determined by the root-mean-square speed of the closed boundary 
surface. 
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the boundary layer structure is clearly se a as the Reynolds number 
increases. 	Figure 16 shows the migration of the vortex center with 
increasing Reynolds number. It is clearly seen that the ultimate location 
of the vortex center for Re -"D will be the center of the circle. 
(ii) Flow consisting of two unsymmetric recirculating regions  
This is also a flow with closed streamlines. 	The boundary 
conditions are 
v = 0 
rb 
(4.29) 
1 	2 ve = -3- + co sO (4.30) 
The streamlines and vorticity values at different Reynolds numbers 
are in Figure I7and Figure 18. Notice that the asymptotic flow pattern for 
high Reynolds numbers cannot be found in a simple way as in the last 
example, since the form of the separation line is not known in advance. 
(iii) Unflow - outflow problem 
The flow problem together with the boundary velocities are depicted 
in Figure 19 In this case, the flow is symmetric about the x-axis, thus the 
Fourier expression could be simplified to 
N 





= S sn cos nO 
n=1 





















Due to the velocity discontinuity at the boundary, a larger number 
of grid points is used in the agrimuthal direction. The grid system used 
in this case is equivalent to 21 x 81 mesh points in the whole plane. The 
81 points along the circumferential direction were proven adequate. The 
use of 121 points in that direction generated differences of the 
streamfunction values less than 1 percent compared with the results that 
used 81 points. The effect of the grid size in radial direction has also 
been tested, as shown in Table 7. The computer time for each iteration, on 
the 21 x 81 grid system, is about 1.3 seconds, a CDC 6600. 
The streamline patterns with different Reynolds numbers are 
depicted in Figure; 20. The occurrence and growth of the separation bubble 
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APPENDIX A 
DERIVATION OF THE KINETIC TRANSVORT EQUATIONS 
(1) The Vorticity  Transport Equation 
The vorticity r.ansport equation (2.17) rudy 	witt 	.1s 
34) 	?.. 	(1-1) 1, 	 , 	 77* 
V X( IXW ) 	**".. 	(V I nP xvn 	vX( 7 v .r ) (A.1)  
and 
For two-dimensional flow, we have 
	
1 -4- -0' 	1 3 	3u 	By 	1 3 	By 	2 Vx(5- V.T) = .5; 	isTc + + 	 :5 - - 	 LI ) 
3 	f i 	au 	2 1 a 
- k-P- 7; (21-' -57 -P- -dy  
, (A.2)  
,4 4 	 4 	4. 
7X( VXW) V.7 + wiS  (A.3)  
Upon differentiating the terms 	equa!lion (A-2) it redo , :e ,, 
74-1 .t) 	T 2 'P 	' 
(A.4)  
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where T 1 represents the sulandLon of the free-viscLo,cy c12n40 r_erms and T, 
represents the terns which include th change of viscosi 
79 
and 
-1 dP3 2.0 	3 2v. 	1 3 P 	3
2
u 	3 - v 	u 2 
	
T 1 	2 --- 	dxdy 	a 	P 	D y 
+ -7 T
y 
 - :P 	+ ) + 	V w 
cx 2 ax3y 
,2 
aP 	a 2v 	2 	36, 	1 3P 	 36 




T 	 ) 	P ) 	—
2 
(y -u )'d 
2 
p 	y x xx yy P 	y 	' xy 
2 2 	2 2 
Cl - 
xy 
v + 	- 1f (P uy 	v:t 	
- 20y u x 	3 0  y 13) x P  
2 2 , 
V u + 	v 	-7 C2.p v -u p - P xy X V 	V V 
(A.5)  
(A.6)  
For simplicity and convenien:_, the viscosity -o e 	II and 
2 
X(X 	3 u ), specific heat radio T and the thermal cendu.tiyit: c have been 
considered to be constant in the present subsonic study. In general, the 
incorporation of variable coefficients has no conceptual effect on the 
method. Several numerical experiments have been performed to verify the 
foregoing assumption and the results indicate a negligible contribution of 
the non-constant coefficient term T. 
By using the above assumptions, equation 
following simple form: 
4 4. 
dt 
= 	7.( V , J) 	( 	) 	 8 , p., h) 
	
(A.7) 
(A.6) reduces to the 
where, 
P 
(1) 	= 	 (7I3K 7P).k  ,) 	3 
ke.P` 
1 
t 	 = ( 7,7  In x 
2 
	711). k 
k is the unit vector normal Lo the plane of flow 	T —,r. 
(2) The Dilatation Transport-, Elluarlon 
The dilatation transport equation (2-18 may be r.rrirten as 
3 t3 	( 	-0*  
= - 	v n 	h 	1p 	L-- /ind. 7 h ot 
1 4 	• 	- 
V•\7-7 T) (A.8) 
Specializing this for two-dimensional flow anA expanding the first 
and the last term in the right-hand side, one obthin: 
	
V 	V — V. ( V . V = 	7— 	7.— 	V -- 	
/ 
v 




(:)v 	du 	, 
 
v 
3‘7, 3v 3x ; JY 	 2 
3U 	U 	 '7 V 
	
(A.9) 
Dx 	 "dx.isy 
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Equation (A.9) reduces to the foltL)wiiig Lovm 
+ + + 
- V.( V• 7)V = 	U 	+ V 	+ 11 + V
2 
 4' 2v u ) (A.10) 
Equation (A.10) can be further reduced to 
4' 	-4. 	 .g3 	 2 	"s■ 	 - 
-V.(V.V)V --(u 	+ v 	+ 2VvxVu.k) 
clx 	oY 
	
-t- 	 -* 	4. 
- (V.(V13) + 2VvxVu.k) (A.11)  
1 Lv))) 
V ) 	Hi- (-3 	(. 21 pE. + 
ox P 'dx ax 	 jx 
B 	,i 	, 	u 	v  v , - 7 
0 y P dx y 	x 3v 	?)y 
(A.12) 
By separating the right-hand 5 ide 	tAvr> cern.- 	 Lo whet 








, 	,, 	,4 = 	2 




+ 4. 	+ 
(VPx7w).k 1/4A.14) 
8 " 2 ," 	2 
C 	( 	P) 7f3. V1J + - (vto-,(74-1 ,k —  
2 3 3 	' 
2 
+ 	(u 	v P 	) + (v 
x 
 
P 	x xx 	y yy y 	y 
- (1-)(v  + u) (P .P y 	x y + P 	) + 	-5- V0 . 74 yx 
- ( -) (p • u • 1.1 	p 	• \I • 0 2 	x x x y Y 
(A.15)  
Neglecting the term C. 	for the rcz;sons mentLm,,J h -L,:re in (1), the 
dilatation transport equation is written as follows 
36 	 4.1.1 	2 
V.(VC) 	 Js' 8 + xui,2„,p.h) (A.16)  
where 
X 	X 	X 	X- I 2 •.) 
+ 	• 	+ 
x l 
	(Vv x 7u).k 





.= 	() 	4 117 	 Vi.n,D) 
and 
-+ 
PRe.Pr 	p Re.Pr jx ; 3x. 
(A.19) 
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(3) The Energy TranuaL_Eauation  
Using the equation of state (1.4) in the energy 'aciaation (2.3), one 
obtains the following 
a h , 	 V, = _v 7h - 	)F, h 	7; 
3t  (A.17)  




= -V.711 	(Y-1)11 	Y 	1 
P Re.Pr 
+ 	y 	-4-4+ 
7"1 (7V:T) P.Re 
(A.18)  
Expanding the conductive and dissapative terms in equation (A.18) 
one gets the following expressions 
1 
Re 7 V T ) 
U 
( T 	) 
P.Re 	ij (A.20) 
Specializing these two equations for two-dimensi:mal flow, they 
reduce to: 








-y• 	1 	-+ 	 -Y1 1 	4 ,2 	') 	4. 
— vv:oc +w + 4 ( r7v 	711).k .) P Re 
(A.22) 
Neglecting the thermal conductivity variation term and placing 





0 . 0 +0 
1 	2 
3 5' (2-r13 b 
0 	Y11 ) - 
'1 PRe 
, +I C\ 7 	 k 
(4) The Density Equation 
The continuity equation (2.2) can be written 36 7 ' ,":10WS. 
1 	3 T) 	4 	• 1 7 
a--t 4- 	2p 	0 
\.A.24) 
Further, noting that 
thus equation (A.24) becomes, 
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31 nP  
= - C`: -V. VInP (A.25) 
In conservative form, equat,6n (A.25) can be writt€: 	ows 
'a t 







The transformation relations used in the derivation of the kinetic 
transport equations are given here. The following expressions relate the  
mathematical operations done in the physical plane, ph, with chose that 
performed in the transformed plane, T. 
+ + 





(VfxVg) 	= — ( Vf x 7g) 
ph. 	11




(V2 f ) 
	
(B.3) 
-4. 	 4.. 




H is the transformation scale factor 






i_ is the velo c ty vector in the physical plane, while V
T 
is 
the apparent velocity vector in the trinstomed pUlh ,..! :And its 
components (Ve ,Vr ) ark given by equations ( 2-27) and (2-28). 
The components of the velocity vect o r V in the physical plane (u,v) 





-V 'IL + 	V 1Z) 
9 dr r r dO  
(B.5)  
(B.6)  1 	1./
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where y and x are the Cartesian coordinates in the physical plane. The 
transformed quantities can be expanded in polar coordinates (s-9) as 
follows: 
vg) 	H1 ) 	 1 34" 
	
T 
r — c 3s r 2 :)8 	691 
(Vf x Vg) 	








( 	 3`E 
r-c 
1 	" 
- ) 	 — 
r ( r - c ) 	r - c r 
(B.9)  
where s is the stretched radial coerdinat in the trqnstormed polar plane 





EVALUATION OF INTEGRALS IN EQUATIONS (4.3) - (4.5) 
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The integrals that need to be evaluated are 
1 
2ff cos me [r cos(0 
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where 0 < m < N. If the following complex variables are defined as 
W= I + i J m 	
in 
W= I + i J 





z = e 	= cos 0
o 
+ i sin 0 
	
( c. 7 ) 
z • e
i0 
= cos 0 + i sine 
	
( c.8) 
w = 	 0 
2r 
0 0  


















could be reexpressed as follows 
after the variable transformation from H , 0
o to z, zo 
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By using of residue theorem, the integrals in equations (C.')) aad (C.10) 
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where 1 < m < N. The values of I
m 
J
m , I n , Jm
's could be determined easily 
by equations (C.5) and (C.6). Thus 
(1) for r < r 
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The integrals that need to be evaluated in kinetics are 








r 2 + r
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- 2r r_ cos(0-0) 
(C.35) 
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) 
also the complex quantities are 
W = I + i J 





W = I + i J 	 (C.40) m m 	m 
Following the same procedure as in kinematics, the following expressions 
are obtained 
W =- - 
m 2ir 
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W = 2 dz 
(z 0  - r  z)(z - r 0 z) 
( °.42) 
0 
and 	the 	final 	results are 
(1) 	for 	r 	< r: 
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where 1 < m < N. 
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APPENDIX D 
DERIVATION OF RELATIONSHIPS BETWEEN FOURIER COEFFICIENTS 
The following expression for v
r 
is obtained after substituting 




a I + 	(a I + 	J) dr 








n (1) Jn ) I n=1 
- 1— p o (1) i + 	(pn (1) n 	
qn (I) 3) 	( D.1) .21T  
n=1 
where I, I, J, 	are those quantities defined in Section (i), Appendix E. 
From equations (C.'1) - 
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If v 	is also expanded in Fourier series (as in equation 4.6)), the r 
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where I < n < N. Similarly, the expression for v 0 
 from equation 4.4) 
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which is 
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Expanding v in Fourier series as in equation ( 6:7) the corresponding 
coefficients are related by equations (4.12) - (4.14). 
By expanding wv 
r
, wv0  in equations (4.18) am (4.19) equation (4.5) could 
be expressed as 
1 
w = _ 	Jr 	( rl In 4 nJ 	ro 
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2n 	o o 	 n n 
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By the results of equations (C.43) - ( '58), equation (D.f:) becomes 
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Thus, in using the Fourier series expansion for W (equation 4.8 ), the 
corresponding coefficients are related by 
1 




r 	 r n 
an = 2 	J ((, n - 	)(-
2






o n r 	 2 J4 -n o r 	 o 
Re  
+ 	g (1) r
n 
+ 	(1) r 
2 n 	2 n 
(3.8) 
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where 1 < n < N. Equations \O.8) and (L.9) are equivalent to equations 




(1) are cancelled 
by applying the equations (D.8) and (D.9) on the boundary. 
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APPENDIX E 
THE INTEGRAL REPRESENTATIONS FOR A DOUBLY-CONNECTED REGION 
The boundary integrals in equations (4,3)and ( , .4)consist of two 
parts, B 1 and 13,, 
G. 
At the interior boundary B 2 , the velocity components are assumed to 
be known. The Fourier coefficients of the velocities at B
2 
are zero except 
p
o
(R), which is the magnitude of the circumferential velocity at r=R due to 
the solid rotation. 
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o (R), p(R), s 0 (R), t n (R), pn (R), qn (R) are the Fourier coefficients 
98 





(1 5 ) 
r n+1 	1 
s = 1 r 	( °) dr
o 
+ Jr ,s (I-) n-1 dr











	 E.3 ) 
r n+1 	 1 	n-I 
1 	oN 	 ,r t
o 
= 	- Jr . dr - 	f a („----) 	dr 
2 n r o n r 






where 1 < n < N. Similarly, the velocity v
8  is reexpressed as: 
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By using equations (4,7)and (c.7) the following relations are 
obtained 
= j a (--2) dr + — p (R) 
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where 1 < n < N. 
The equation (1D.5) becomes 
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where f (R), f (R) and g (R) are the Fourier coefficients of the total 
- n 
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